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Parameterized model order reduction (pMOR) for PDEs

The goal of parameterized model order reduction (pPMOR)
is to reduce the marginal cost associated with the
solution to parameterized problems.

pMOR is motivated by real-time and many-query problems
design and optimization, UQ, control.



Parameterized model order reduction (pMOR) for PDEs

The goal of parameterized model order reduction (pPMOR)
is to reduce the marginal cost associated with the
solution to parameterized problems.

pMOR is motivated by real-time and many-query problems
design and optimization, UQ, control.

Pb: find v, ¢ X'« G, (u,.v)=0 Vvel).

e §, X — V' variational (non)linear operator;

o 1= [u,..., 1pl € P < RY vector of parameters;
material properties, geometric features,....

o M = {u, ;e P} solution manifold.



Monolithic projection-based pMOR: general recipe

Pb: find v, ¢« X' G, (u,.v)=0VVvel) peP
Approx: i, — Z o, a:P—-R"Z:R" - X

n << N — dofs of the full-order model (FOM)
—FE,...



Monolithic projection-based pMOR: general recipe

Pb: find v, ¢« X' G, (u,.v)=0VVvel) peP
Approx: i, — Z o, a:P—-R"Z:R" - X
Offline (learning) stage: (performed once)
compute 1,1, ... Uy using a FE (or FV...) solver;
construct 7 = [(y, .. .. (.| and define Z = span{¢; 7 ;
define a reduced-order model (ROM) for o = 7 — R".

Online (prediction) stage: (performed for new /')
estimate the solution coefficients &, « .
estimate ||, — 1/,

n << N = dofs of the full-order model (FOM)
—FE,...



Limitation of monolithic approaches

Monolithic approaches rely on two assumptions:

e the solution is defined over a parameter-independent
domain or over a family of diffeomorphic domains;
no topology changes

e it is possible to solve the FOM for several parameters.

These conditions might not be fulfilled for several
problems of interest.

Example of topology change:
S S




Component-based model reduction

Offline stage

e Define a set of archetype components.

e Build local ROMs for each component.

Online stage

e Define the system as instantiation of components.

e Solve the global problem by gluing together the local
ROMs.




Component-based model reduction: research questions

1. Data compression: how can we build “good”
approximation spaces for each archetype component?

2. Reduced formulation: how can we glue together
local ROMs to estimate the global solution?

e non-overlapping conforming methods; scRBE
e non-overlapping non-conforming methods; RBE, LRBMS
e overlapping methods. zonal POD

RBE: Maday, Rgnquist, 2002. scRBE: Huynh, Knezevic, Patera,
2013. LRBMS: Kaulmann et al., 2012; Ohlberger, Schindler, 2015.
zonal POD: Bergmann et al., 2018.



Aim of the talk

Define effective local approximation spaces for
component-based MOR.

e Linear problems: optimal approximations, randomized
methods.

e Randomized methods for nonlinear problems: theoretical
and numerical considerations.

Bibliography: (for linear PDEs)

Babuska, Lipton, Multiscale Model. Simul., 2011.
Smetana, Patera, SISC, 2016.

Buhr, Smetana, SISC, 2018.



Working problem

Model pb: —V - (x, (1, )Vu,) = 1,00, u, oq =0
Q=(0,12=UMQ;, u= SN puNaa) 1],
2
36 u(l—u) (i) .
K,(u = — + w1 =1,2,...
/( )’Q,- ,Uél) U3+%(1*U)3 K1 ,

2

p) e P =10.1,0.2] x [30,40],i* € {1,..., Nag}.

e |dealized model for subsurface flows; challenging
problem for monolithic MOR — 2\, -+ 1 parameters.



Working problem

Model pb: —V - (x, (1, )Vu,) = 1,00, u, oq =0
Q=(0,12=UMQ;, u= SN puNaa) -]
<100X2'i*%> 1
f,(x) = 100e lo:(x), Xeir = O X dx.
P Ja

p) e P =10.1,0.2] x [30,40],i* € {1,..., Naq}.

e |dealized model for subsurface flows; challenging
problem for monolithic MOR — 2\, -+ 1 parameters.



Working problem

Model pb: —V - (x, (v, )Vu,) = f, 00 u, . =0

00




Target application (PhD thesis of G Sambataro)

Goal: assess long-term behavior of radioactive waste
districts. Projet CIGED

Mathematical model: THM equations — nonlinear
unsteady parabolic equations with internal variables.

“Example of HA pilot district

Monolithic pMOR: lollo, Sambataro, Taddei, Arxiv, 2021.
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Localized training

Oversampling
Linear problems
Randomization
Numerical results
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Localized training

@ Oversampling

12



Archetype components

Three archetype components: corner (co), edge (ed) and
internal (int).

e () — (0. h)? reference domain;

~

e ©, () — () /-th deformation map;
o /| © {co. ed int}" instantiated components’ labels.

()

'edi

)
|
ct
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Oversampling (I): basic idea

Task: find low-dimensional spaces Z°° Z°¢ Zt gt

min [luylo; 0 @i = Cll g < Lfori=1,..., Naq
cezli

Idea:
e Define the patch U O Q) with input boundary I';, © OU.

e Define the transfer operator T s.t., given g ¢ G C
HY2(F) and e P, T,(g) = wls with

—V - (ku(w)Vw) =f, inU, w|r, =g, wlonr, =0.

e Determine a low-dimensional approximation space

for the manifold A\ — {T.g): g€ G, pnePl

scRBE: Eftang, Patera 2013; Smetana, Patera, 2016. multiscale FE:
Henning, Peterseim, 2013. 14



Oversampling (I1): role of U, G

Example: corner
Input boundary [, should be r
? : in

well-separated from () to ensure
decay of high-frequency modes,

but U] < |0 to ensure T
computational speed-ups. Q

-

Set G should be representative of the behavior of 1|1 :
= in absence of prior information, G is high-dimensional;

Question: why should the localized manifold M =
{T,g): g G. ;e P} bereducible?

15



Motivating example: semi-infinite wave-guides (I)

Consider the problem for g(x) Z Cn cos(nmxp)

( —Auy — piPu, =0inU - --
Oynus =0onRy x {0,1} ﬁ

rin L

= gon{0} x (0,1) ;

Define ) = (L. o) » (0.1), C.ji ¢ B, and the extracted
manifold M, = {ug}Q :lgllpe < C, o p =0}

G =g |lgly- < C}is infinite-dimensional and is
irreducible.

16



Motivating example: semi-infinite wave-guides (11)

N|)1'
Ug = g cpe ' cos(nmxy) E cne” " cos(nmxy),
n=1 n=Np,+1
V
=(I) —(11)
- 2 _ .
with /\/,, /:J o, = |n*7? — ], (1) = propagating

modes; (II) = evanescent modes.

The differential operator acts as a low-pass filter.
e Effect of evanescent modes is negligible far from [';,.

e Manifold /M, can be well-approximated by an
n-dimensional space if e “»1h < 1,

Filtering properties depend on the value of /..

17



Localized training

@ Linear problems
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Transfer operator

Define the transfer operator T : 1/ x P — ). For
second-order elliptic PDEs, G 1/ < HY?(I',),

~

Vo HYQ) (U ), (V)] ]]y) Hilbert spaces.
We assume that 77 = {/i} and that 7 is compact.

19



Transfer operator

Define the transfer operator T : 1/ x P — ). For
second-order elliptic PDEs, G 1/ < HY?(I',),

AN

Vo HYQ) (U ), (V)] ]]y) Hilbert spaces.
We assume that 77 = {/i} and that 7 is compact.

Proposition: Sufficient conditions for compactness of 7:

o (list <§ rm) > 0;

o [T(&) () < C(U, U T(8)llzu) for U € U.
Caccioppoli's ineq.

Caccioppoli’s inequality is satisfied by a broad class of

elliptic problems (Helmholtz, advection-diffusion, Stokes).

Babuska, Lipton, 2011. Taddei, Patera, 2018.
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Transfer eigenproblem (TE)

Introduce the transfer eigenproblem:

(pis M) eU X Ry (T(pi), T(g))y =Ai(vi8)u VgU
with / — 1,2, ... AL > Ny >

Define the transfer eigenspace = — span{ T ()} ;.

20



Transfer eigenproblem (TE): properties (1)

Introduce the transfer eigenproblem:
(\/5/ )\/) celU xRy (T( ﬂ/’)v T(g))} — )\/(\Phg)ll Vg cuU
with / — 1,2, ... AL > Ny >

Define the transfer eigenspace Z,‘;‘ = span{ T (p;)}7_;.
Nin

If 24 = span{o, ), then ‘59/':2 (Pi)idk, Api = AiBy;
k=1

with A, o — (T((,)k), T(()k/)) P (()k Ok/)ll

e Solution to TE requires computation of { 7(ox) .

o If {0} is orthonormal, then Z “ is the POD space

associated with the snapshots { 7 (0, ) .
20



Transfer eigenproblem: properties (I1)

Optimality: (Pinkus, 1985)
Ny, T(g)|ly
Z,'v“ € arg inf sup | W (&)l
WCY, dim(W)=n gey HgHU

e The transfer eigenspace is optimal in the sense of
Kolmogorov.

Error‘analysis: (Taddei, Patera, 2018)
Hl_l()g,g“)L T(g)H}f < H T’E(M;}\)‘Hzg’“ v
[r:q/7 {F:4/7
for any g © Hlf”Q(Fm).
e If o ¢ U/, performance of = depends on the product
H TH&(W;}‘)H“%gHM-

21



Extension to the parametric case

TE + POD: given I/ — span{o; )" < n

Compute 2., = span{ T o} st (pF) pj/-‘)u = 0j .
EndFor
Return =, == POD ({74 ¢; ik n).
i=1,....,nk=1,..., , Nirain

Taddei, Patera, SISC, 2018.
22



Extension to the parametric case

TE + POD: given I/ — span{o ) {1 n

Compute 2., = span{ T o} st (pF) gjk)u = 0j .
EndFor
Return =, == POD ({74 ¢; ik, n).
i=1,....,nk=1,..., Nirain

e Equivalent to hierarchical approximate POD.
Himpe, Leibner, Rave, 2018.

e Alternative approach: TE + strong Greedy in parameter.
Smetana, Patera 2016.

Taddei, Patera, SISC, 2018.
22



Localized training

@ Randomization
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TE + POD requires PDE solves.
Possible fix: Krylov subspace methods for the TE.

Randomized methods offer an alternative strategy to
tackle the problem.

Mahoney 2016: randomness is an algorithmic resource
creating efficient, unbiased approximations of nonrandom
operations.

Key features of randomized algorithms:
e Incremental (iterative) approach.

e Probabilistic error estimation.

Randomized SVD: Mahoney, Martinsson, Tropp... Randomized

model reduction: Buhr & Smetana; Smetana, Zahm, Patera. ”



Adaptive randomized algorithm

Inputs: maxit, r.,.n < N, pdfs p,. pc (sampling);
Output: =, = span{(;}” | reduced space. ((;.(;) = 0;
Set Z, =0, \y — ... =)\, = 0.

For /=1 .. ., maxit

k iid B
) W pc, k=1,..., Firain -

Generate /(<) *C Py, &

Compute v/ — T/,wg(k) for k —1...., Ferain-
Itrain

Compute E =

Mz fl/[lu™ .

train —1
if £ < tol, BREAK

else (25, {\}] = POD ({Gy/N} 1, U {uk} iy n)

EndFor

25



Adaptive randomized algorithm: comments

Interpretation: incremental randomized POD in
parameter and boundary data.  Yu, Chakravorty, 2015

e Snapshots {uk"'}k,,- are used for testing and then to
update the reduced space.

o (20, IH] = POD ({GN} T, U {us i n)
e Snapshots from previous iterations are not stored.
e Factors {\/X}J serve to properly fuse information
from different iterations. Himpe, Leibner, Rave 2018

Mz, T//(g)y]

1 T.(8)lly
For linear problems, see also Buhr, Smetana, 2018.

e [~ is a MC estimate of E,ivp,.gepe [

Randomized Greedy: Cohen et al, M2AN, 2020. 26



Choice of the boundary distribution

Idea: since we expect solution to be smooth, we control
the smoothness of the samples.

. . +1C““ e
Consider g.,(s; ¢ c™) E ( p2mhsi
1+ (2mk)>e

with ¢/“ ¢/ ~ w N(0,1). Then if « € N
lgeo (5 €, €™) 20y + llgds) (€, €™ 0,1y ~ X*(2Nk)

27



Choice of the boundary distribution

Idea: since we expect solution to be smooth, we control
the smoothness of the samples.

. +1C““ e

Consider g, (s:c'". ¢ ”“ g2Tkst
Beols: € Z oA

with ¢} ¢/ ~ ~ N(0,1). Then if o e N

lgeo(-: €, €™)|2201y + 11857 €, €™)[22101) ~ X3 (2Nk)

Proposal: g(- ¢ ¢™) = Real g (¢ c™)].

For edge and corner components, we need to enforce
Dirichlet boundary conditions. details omitted

27



Localized training

@ Numerical results
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Linear advection-diffusion-reaction equation

Pb: given 1« P, g« HY2(1), w(x) =1+ [|x]3,
U=10,0.3]% P =10.2,1] x [-1,1]*> x [0, 1], find u, s.t.

{ -V (/11/{*qu/[ + [peo, /13]U//> + pau, =0in U

uy

oU=ry, — &
We consider the extracted domain €2 = [0.1,0.2]°.

29



Linear advection-diffusion-reaction equation

Pb: given ;1€ P, g e HYA(T,), k(x) =1+ [x]3,
U=10,0.3]% P =10.2,1] x [-1,1]*> x [0, 1], find u, s.t.

{ -V (f‘l”ilvuxz + [p2, /13]%,) + pau, =0in U

uy

oU=ry, — &
We consider the extracted domain €2 = [0.1,0.2]°.

Description of the test
e P3 FE with ., — 360 dofs on ;.

e TE+POD based on n,,.;,, — 100.

29



Linear advection-diffusion-reaction equation

Pb: given 11« P, g HY2(T), r(x) =1+ [Ix]3,
U=10,0.3]% P =10.2,1] x [-1,1]*> x [0, 1], find u, s.t.

{ =V - (k" Yy + [p2, p3luy) + pav, = 0 in U

uy,

o =&,
dU=T,,
We consider the extracted domain 2 — [0.1,0.2]°.

Description of the test

e Maximum relative projection error ... ..; based on
Niee: — 100 samples {Tf,wg(k)}k with g% o
pimooth (o = 1), plk) < Uniform(7P).

(k) lflv(l psm()()lh

e Randomized training with ..., = 10, g s ,
o K Uniform(7P).

29



Choice of the boundary distribution: visualization (int)

Samples of the datum on [}, for o = 1.

I_in 0.4

-

- - - - -

)

30



Choice of the boundary distribution: visualization (int)

Samples of the datum on [}, for o = 2.

I_in 0.05

T T

1 1

1 1

1 1

1 1
!'————1'————1—————‘ °,D

[ N | Dtg

IQI

1 1 1\ 0

1 1 \zb/
el e Rt S

1 1

1 1

1 1

1 1

- - 0.05

S 0 02 04 06 08 1
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Choice of the boundary distribution: visualization (int)

Samples of the datum on [}, for o = 3.

-

- - - - -

A s

rin

0.015
0.01 -

= 0.005

-0.01 -

-0.015
0
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Out-of-sample performance

. . rausSs
Gaussian sampling: g ~ p/ g G
IH dir
Smooth sampling Gaussian sampling

10° ‘ ‘ ‘ 10" g ‘ ‘
1071 1071

107k 107

i 103 i 1073

W — TE+POD T
10 ——rnd (it = 1) 10~
A5 [|me=rnd (it = 3) n—5
10 |f=—rnd (it =15) 10 )
o 10 20 30 40 o

e Randomized training performs similarly to TE—I—POD
after 5 iterations.
e Smooth samping is (slightly) more effective than

Gaussian sampling at early iterations.
31



Effectivity of the error indicator

Nz Tu(g )b]
ITu(&)lly

computed during the iterations of the randomized
algorithm with the estimates on the ..., — 100
datapoints.

We compare estimates £, ., .-, [

Randomized training based
on smooth sampling

((1:1). 2+,I;*Tl,‘i1
| |
! |

| BRI
M ]
Effectivity 77 — — 1 H 0 5 T H : - - 'L
Results over 100 mdependent 05 - Lo -
runs. 1 2 3 4 5 6 7 8 9 10

32



Randomized sampling for nonlinear PDEs

Numerical results

33



Towards the extension to nonlinear PDEs

Objective: extend the localized training procedure to
nonlinear PDEs.

e Error estimation and oversampling can be extended as is.
e How should we choose p.?

Theoretical questions
e Compactness of the solution manifold?.
Caccioppoli’s ineq.

e Constructive optimal approximations?

LCompactness of the transfer operator is key for approximability of the
nonlinear set of functions, and ultimately justifies oversampling.

2Generalization of transfer eigenproblems to nonlinear PDEs.
34



Choice of pg for the model problem

Model pb: —V - (x, (v, )Vu,) = f, 00 u, . =0

2
) - 36 U(]_ — U) (i) .
h,/,(U)‘Qi = //g/) e %(1 BgRE +py’, =12,
7

00

[l x—xg i1

10 fg I
fu(x) = IOOe< >]le(X). Xopr 1= — / x dx.
' Qr Q

Obs (1): u, « [0.1) = we assume that g(x) < [0, 7]

Obs (I1): v, |1, is expected to be smooth (at least H'/?) .
= smooth sampling.

35



Choice of pg: internal component

We consider the following sampling algorithm:
1. Draw ¢'“ ¢ e RV st ¢ ) ~ < N(0,1).

2. Draw . )6 o Uniform(0, fyax ), set @ = min{ Xy, Xz},
b= max{Xl. XQ}

3.Set g’ = Real g, (¢, c““)}.

b—a .
4.Set g — a+ , — (g’ —ming’).
max g’ — ming
Ne—1 C Jr lClm .
Memo: g(.()(S; re nn Z k k 6271'/(517.

1+ (27k)?e

36



Choice of pg: internal component (visualization)

e o encodes the fact that /m|g| < [0, i, ].
e (v encodes prior knowledge on the regularity of g.

Samples of the datum on ', for v = 1 (&, = 0.5).

rin

1 [
1 1
: : 06"
1 1

F----1----°9-----
1 AN 1
1 Q 1 30.4'
1 1 ES
1 1

o
: : 0.2 i e
1 1
1 1
. - o

S 0 0.2 0.4 0.6 0.8 1
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Choice of pg: internal component (visualization)

e o encodes the fact that /m|g| < [0, i, ].
e (v encodes prior knowledge on the regularity of g.

Samples of the datum on I, for v = 2 (... = 0.5).

rin

1 [
1 1
' ' 06"
1 1
F--—--1----31-----
1 AN 1
1 Q 1 30.4'
1 1 >
1 1
T
' ' 02 7
1 1 F
1 1 j T
[ X7 <
S 0 0.2 0.4 0.6 0.8 1
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Choice of pg: internal component (visualization)

e o encodes the fact that /m|g| < [0, i, ].
e (v encodes prior knowledge on the regularity of g.

Samples of the datum on I';, for o = 3 (... = 0.5).

rin

-

)

ke ccclccccadacaa
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Randomized sampling for nonlinear PDEs

J

@ Numerical results

38



Description of the test: localized training

We perform localized training based on ., — 107
simulations for each component to build =, Z" Z,

Oversampling domains: each subregion is
characterized by a value of ;1 € 77; source term is
activated with probability p = 0.5.

39



Description of the test: global solves

We compute n,..; global solutions for /\V;; subdomains and

we extract solution in each element.

performance of localized training .

0.8

0.6

Z2

0.4

0.2

nl(\gl — 15, N(l([ — 100, Q — (O, 1)2

We use the datasets of local solutions to measure

nllll

test

=
=

960, g2,

1

08

0.6

0.4

0.2

0

=00, n

ed
test

— 480
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Description of the test: error measures

Error measures
e Average H' relative projection error at component level.

e Average | relative global projection error.

We compare performance of
e smooth sampling for various «;

e Gaussian sampling with clipping max (min (g, i,,...) . 0);

e benchmark: POD space based on test set “opt” 3.

3Not computable for practical applications due to the impossibility to

perform global solves.
41



Results: local errors for non-overlapping domains

e Randomized sampling provides accurate spaces for
moderate 7.

e Gaussian sampling is inaccurate for edge and corner
components.

e Performance is nearly independent of «.

internal component
100 =

o0

i 1072

104 ——
10° 10" 10?
n 42



Results: local errors for non-overlapping domains

e Randomized sampling provides accurate spaces for
moderate 7.

e Gaussian sampling is inaccurate for edge and corner
components.

e Performance is nearly independent of «.

edge component

10?
n 42



Results: local errors for non-overlapping domains

e Randomized sampling provides accurate spaces for
moderate 7.

e Gaussian sampling is inaccurate for edge and corner
components.

e Performance is nearly independent of «.

corner component

10%¢

a=05_ "
o0 a:l
55310_2 a=15
=2
—a=4
+ Gauss
—opt

107
10°

10?
n 42



Results: global errors

Relative error is below 10 * for n — 30.

Total number of degrees of freedom: ROM - 100, FOM
90601.

102
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Conclusions
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Component-based model reduction offers the opportunity
to address large-scale parameterized problems.
topology changes, high-dimensional parameterization

Tasks: localized training and domain decomposition.
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Component-based model reduction offers the opportunity
to address large-scale parameterized problems.
topology changes, high-dimensional parameterization

Tasks: localized training and domain decomposition.

In this talk, we discussed localized training for steady
PDEs:

e transfer operator and optimal approximations;
e randomized training based on random samples of BCs;

e probabilistic error estimation.

45



Ongoing work and perspectives

Extension to nonlinear problems requires major advances
to state-of-the-art methods.

Localized training

e Problem-aware sampling distribution of BCs.

e Online basis enrichment. Schlinder, Ohlberger, 2015
Domain decomposition

e Partition-of-unity overlapping methods.
Melenk, Babuska, 1996

e Hyper-reduction.

46



Thank you for your
attention!

For more information, visit the website:

47


math.u-bordeaux.fr/~ttaddei/

Backup slides

@ More plots
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Backup slides

@ More plots
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Choice of the boundary distribution: visualization (corner)

g(S; e Cinl) — Real [g(,()(0‘7 . s e Cim)}S(l - S).
e g, is not periodic in (0, 1).
® g.(s)=0forse {01}

Samples of the datum on [}, for o = 1.

0.2
rin 0.1
E S ‘ ;
(=)

F e e e e e === =
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Choice of the boundary distribution: visualization (corner)

g(S; e Cinl) — Real [g(,()(0‘7 . s e Cim)}S(l - S).
e g, is not periodic in (0, 1).
® g.(s)=0forse {01}

Samples of the datum on [}, for o = 2.

1
1
: =
' =
_______ |
N 1
A : 0.2
Qo S
o : 0.4
,,,,,,,,,,,,, 0.2 0.4 0.6 0.8 1
NN S
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Choice of the boundary distribution: visualization (corner)

g(S; e Cinl) — Real [g(,()(0‘7 . s e Cim)}S(l - S).
e g, is not periodic in (0, 1).
® g.(s)=0forse {01}

Samples of the datum on [}, for o = 3.

F e e e e e === =
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Is the Newton solver affected by pg?

For ii,,.. =— 0.5, Newton solver with line search converges
for all training points.
For ... — 0.75, Newton solver with line search fails to

converge 1% of the times for smooth sampling ov = 0.5
and 30% of the times for Gaussian sampling.

Results for the edge component:

507

40

30

20
5 10

0
a=0.5 a=1 a=1.5 a=2 o=4 Gauss a=0.5 a=1 a=15 a=2 o=4 Gauss

Unax = 0.5 Umax = 0.75 51
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