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Figure: Time evolution of the solution of a time-delay system.
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Definitions

Definition 1
A Nonlinear time-delay system is a system modeled by functional differential

equation of the type:

(1) = (xr,u(2)), (1)

where u(t) € R™ is the input, and x; : [—A,0] — R" is the solution’s history defined by
x:(s) = x(¢+s) for all s € [-A, 0], where A > 0 denotes the maximum time delay

involved (see Figure 1).

Example: x(¢) = x(¢t) + x(t — 1) + u(r).

Epiphane LOKO Input-to-state stability of time-delay systems



Time-delay system
Co

Definitions

Functional (LKF)

In what follows, we assume that the vector field f is Lipschitz on bounded sets and
satisfy

f(0,0)=0 @)

to ensure existence and uniqueness of system (1) solution.

X" = C([~A,0],R").

Epiphane LOKO Input-to-state stability of time-delay systems



Definitions

Comparision functions |

KL

Figure: Class % and K L functions.
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Figure: Schematic representation of the time evolution of an ISS system’s solution.
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Definitions

-Functional (LKF)

Definition 2

[Teel, 1998]
System (1) is said to be input-to-state stable (ISS) if there exist f € XL and u € K.
such that, for all xo € X" and all u € U™,

[x(t,x0,u)| < B(|[x0l[,#) + u([lupo 1), V2= 0. @)

The function u is then called an ISS gain.
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Definitions

tional (LKF)

In particular, when there exist k,A > 0, such that [} is defined as:
B(s,2) = kse ™, Vs,t>0 (4)

then (1) is said to be exponentially input-to-state stable (exp-ISS).
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Definitions

Lyapunov-Krasovskii-Functional (LKF)

Lyapunov-Krasovskii-Functional (LKF)
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Definitions
o

Inpu
Lyapunov-Krasovski onal (LKF)

Definition 3

[Karafyllis and Jiang, 2011, Krasovskii 1963]
A functional V : X" — R is said to be:

@ a Lyapunov-Krasovskii functional candidate (LKF) if it is Lipschitz on bounded sets
and there exist o, 0 € X such that, for all ¢ € X",

o([9(0)[) < V(o) <a(/|9[)- (5)
@ a coercive LKF if there exist o, @ € %K. such that, for all ¢ € X",
a(llol) < V(o) <a((ol)- (6)
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Definitions

Lyapunov-Krasovski nctional (LKF)

For system (1), an LKF V : X — R is said to be

@ an ISS LKF with history-wise dissipation if there exist o € & and ¥ € % such
that

DTV(9,£(9,v)) < —a([[o]]) +¥(]v]) 7)
@ an ISS LKF with LKF-wise dissipation if there exist & € X5 and ¥ € X such that

DV (9.f(9,v)) < —a(V(9)) +v(Iv]) (®)
@ an ISS LKF with point-wise dissipation if there exist a € & and Y € %z such that

DT V(0,f(0,v)) < —a(|0(0)]) +¥(Iv]) 9)

where (7)-(9) are all meant to hold for all ¢ € X" and all v € R™.
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Lyapunov-Krasovskii approach

We have the following characterization of ISS by using LKF tools (see
[Karafyllis et al., 2008, Theorem 3.3] and [Kankanamalage et al., 2017, Theorem 2]).

Theorem 4

The following properties are equivalent:
@ (1)isISS
@ (1) admits a coercive ISS LKF with history-wise dissipation
@ (1) admits an ISS LKF with LKF-wise dissipation
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Lyapunov-Krasovskii approach

It is not known if ISS can be ensured by pointwise dissipation.
This has been conjectured in [Chaillet et al., 2022, Conjecture 4].

Conijecture 1

Assume that there exist an LKFV : X" — R>; o € % andy € X such that, for all
0 € X" and allv € R™,

DV(0.£(9,v)) < —a(|o(0)]) +v(|v]). (10)

Then the system (1) is ISS.
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New result and Example

Our contribution |

Epiphane LOKO Input

tate stability of time




ISS using LKF

Ly -Ki Ki h
yapunov-Krasovskii approacl NG B

Theorem 5

Assume that there exist a functional V : X" — R>( which is Lipschitz on bounded sets,
a,a,y € Ko and Q : R" — R continuously differentiable, positive definite and
radially unbounded such that, for all § € X" and allv € R,

0 < V(9) <alol) (1)
TV(0.£(9,v)) < —a(0(9(0)) + (V) (12)

Assume further that there exists a function ¢ € K. such that, for all € X" and all
yeR™,

VO(0(0))(6.v) < o( ma Q(¢(T))> o (13)

t€[—A0]

Then, under the condition that

Jiminf %)

0 14
reo o(re?d) ~ (14)

the system (1) is ISS.

Epiphane LOKO Input-to-state stability of time-delay systems 16/32




G

Ly -Ki Ki h
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REINMEISS

@ Condition (13) constitutes a mild requirement.
@ The dissipation rate may not still be a class % function because of function Q.

@ Theorem 5 extends the result in [Karafyllis et al., 2022, Theorems 3 & 4]. (ltis
enough to consider @, o, ¢, Q as quadratic functions to notice that).
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Lyapunov-Krasovskii approach

and Example

We give here a sufficient condition which allows to build LKF with LKF-wise dissipation
from an LKF that dissipates point-wisely.

Theorem 6

Assume that W is an LKF such that for all ¢ € X" :

W) =Vi(00)+ [ Valo(s)ds (15
DIW(0.£(9,v)) < —a(Q(6(0))) +¥(IV)) (16)

where o € K. and Q : R" — R is continuously differentiable, positive definite and
radially unbounded. If there exist € > 0 such that for all p € X" :

o(Q(9(0))) > eV2(6(0)), (17)

v
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Lyapunov-Krasovskii approach

then there exist ¢,p > 0, A € % such that the LKF V defined by

V(9) = )+p / eV (0(s))ds Vo € X" (18)

satisfies
TV(0.£(9,v) < —cMV(9)) +¥(|v]) Vo € X" (19)

and then allows to ensure ISS of system (1).
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Lyapunov-Krasovskii approach

and Example

@ The trick of adding exponential term in the kernel of integral part of Lyapunov
functional as in Theorem 6 does not still allow to build an LKF with LKF-wise
dissipation.

@ For instance, the following example fails for this trick:

Example 7
o ) xe=1*  u()
0= =0 T T T P T T

and the Lyapunov Krasovskii functionals (LKF) V, W respectively defined as:

1 4 0 4
V9) = 700+ [ o9, voex,

1 0
W(9) = 70(0)* +k 1 e0(s)"ds, Vo eEX,

where k and ¢ denote positive constants.
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Razumikhin and Halanay approaches

Razumikhin and Halanay approaches
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Razumikhin and Halanay approaches

Consider the function Vo € C!(R",R>), positive definite and radially unbounded.
@ Nonlinear Razumikhin condition:

Vo(0(0) > max {p (_max vo(6(2)) ) (1) } = TVl0(0))6.1) < ~lo(O))
(23)

o,pP,Y € K.
@ Linear Razumikhin condition

alxl” < Vo(x) <alx?, (

Vo(6(0)) > max{po max vo<¢<r>>,v<|v|>} = VVo(0(0))f(0,v) < —0ul0(0),

t€[—A0]

a,a,00,po,p >0,x € R", Y€ Keo-

Epiphane LOKO Input-to-state stability of time-delay systems



Razumikhin and Halanay approaches

Halanay conditions
Consider the function Vy € C!(R",R>), positive definite and radially unbounded.

@ Nonlinear Halanay’s condition:

VVo(0(0))f(9,v) < —a(Vo(0(0))) +p ( max Vo(¢(’5))> +y().- (26)

t€[—A0]
o,p,Y € Keo.
@ Linear Halanay’s condition
alxlP < Vo(x) <alx? (27)
VVo(0(0)) (.9) < ~00Vo(9(0) +po_max Vo(0(x)+7(h).  (28)

a,a, 0o, Po,p > 07 Ye Koo
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results

Razumikhin and Halanay approaches on

@ Razumikhin and Halanay results are based on Lyapunov function and not
functional.

@ In the following we state a result that consider Lyapunov Razumikhin function or
Lyapunov Halanay function V to build the following Lyapunov-Krasovskii
functional V

V(9):= max e Vo(o(t)), VoeX", (29)
1€[-A0]
with ¢ > 0.

@ The LKF of the form (29) and details on its derivative are provided in
[Karafyllis and Jiang, 2011].
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Our results

Application
Razumikhin and Halanay approaches pplication

Nonlinear conditions using

@ Ifthe nonlinear Razumikhin condition (23) is satisfied with the function p such
that

sup pls) <1, (30)

s>0 8
there exists ¢ > 0 such that the functional V defined by (29) is an a coercive ISS
LKF with LKF-wise dissipation for system (1).

@ Ifthe nonlinear Halanay’s condition (26) is satisfied with o and p such that the
function
s os) —ep(s) € Koo (31)

for some constant c, then the functional V defined by (29) is an a coercive ISS
LKF with LKF-wise dissipation for system (1).
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Our results

. Application
Razumikhin and Halanay approaches Appiication

REINMEISS

» Condition (30) is restrictive than the real Razumikhin condition on function p which
is
p(s) <s, Ys>0.

» Condition (31) is restrictive than real Halanay condition on function p which is

s os) —p(s) € K.
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Our results

" Application
Razumikhin and Halanay approaches pplication

Linear conditions using

Theorem 9

@ I the linear Razumikhin condition (24)-(25) is satisfied with

PO<17

there exists ¢ > 0 such that V defined by (29) is an a coercive exp-ISS LKF with
LKF-wise dissipation for system (1).

@ System (1) is exp-ISS if linear Halanay’s condition is satisfied with

Qo > Po-

This result means that if we can show exp-ISS for a system by Razumikhin’s or
Halanay’s theorem, then we can construct a corecive exp-ISS LKF of the form (29) for
the system.
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Razumikhin and Halanay approaches

Application
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Razumikhin and Halanay approaches

Consider the following mathematical model of a chemical reactor with an exothermic
chemical reaction taking place in it and a cooling jacket with negligible axial heat
conduction of the cooling medium:

ou(t,2) +co u(t,z) = —&u(t,z) +&x(r), t>0,z€]0,1] (32)
u(t,0)0=0, >0 (33)
0) = g(e(0) — (-t 1t0) e | ule e, 120 84

where ¢,&,u > 0 and g : R — R is globally Lipschitz, non-decreasing function with
2(0) =0 and g(x) = —a for all x < —b for some constants a,b > 0.
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Razumikhin and Halanay approaches

In Chapter 8 of the book [Karafyllis and Krstic, 2019], it is shown that the system
(32),(33),(34) is globally exponentially stable in the state norm |x(z)| + ||u[f]||- provided
that

sup(g'(x)) < 14pe 5" (35)
xeR

Epiphane LOKO Input-to-state stability of time-delay systems



We consider a pertubed version of (32),(33),(34), namely system (32),(33) with

x(1) = g(x(2)) — (u+1)x(r) Jr,u/o1 u(t,z)dz+v(t), t>0ae (36)

where v(f) € R is an external disturbance.
By using Theorem 9 we prove that

Proposition 1

@ The exponential stability of (32),(33),(36) is proved in the stronger state norm
x(£)| + [|u[£][| o + [|9-[t] || o0, provided that

G:=sup(x 'gx)) <1+c& 'u (1—6_{:‘671), (37)
x#£0

@ inequality (37) is less demanding than inequality (35) (meanining that the stability
analysis in [Karafyllis and Krstic, 2019] is extended),

@ an explicit ISS Lyapunov functional is constructed and then provide explicit
estimate on the state norm of the system.

v
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Razumikhin and Halanay approaches

Estimate on the state norm

Every solution of (32), (33), (36) with v € L}’ .(R>) satisfies the following estimate for
allt>0:

1

— — ¢ —min k.,'m
max <|x(t)|,c§ 1|8Zu[t]||oo71_e_§cl||u||w> <ct 1 p(k+€) l||azu[0]||ooe ( 2 )t

—1
ekc

tF® mink ) ok, M)

where f(k) =u+1—G— g—gf’k (1 =" (1 —e_(é_k)fl» and G := sig (x'g(x)).
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