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Introduction

We are interested in the study of the following inhomogeneous
Fokker-Planck equation

F + VOyF — 8,(dy + V)F =0,  Fli_o = F°,

where
0<F=F(tx,v), (t,x,v) eERT x T xR //Fdxdv:1.

We focus in this talk on the case d = 1.
The now rather standard hypocoercive methods give that

F(t,x,v) — M(x,v),

t—+o0

exponentially fast (for a large family of similar kinetic equations),
where here the Maxwellian is given by

M(x,v) = p(v) = \/1271_6"2/2.
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A much simpler equation (homogeneous kinetic equation) is
HF —8y(dy +V)F =0,  Flmo = F°,
where
0< F=F(tv), (t,v) e R xR, /de:1,
for which this is very easy to get (by "coercive" methods) that
F(t x,v) e w(v).

(This is just the heat equation for the harmonic oscillator.)

Numerics
00



Introduction
00e0o

Continuous inhomogeneous case Semi-discrete homogeneous case Poincaré inequalities All cases
000000 00000 0000 00000

Functional framework and proof for the homogeneous problem :

set F = pu + pf,

@ the equation is 9;f + (-0, + v)9,f = 0 with f|,—o = f°,

consider f € L2(du) C L'(dp) (strictly smaller),

note that (f) & [ fdu = [ fodu =0,

note that f € L'(dp) < F € L'(dv),

compute

G e = =2 ((=0v + VIOE, ) oy = —2110ull2q,y0

use Poincaré inequality ||f||L2 < ||8foL2(dM), so that

(dw)

d 2 2
i 112y < =21l 20y »
- - —t 1[40
use Gronwall inequality [|f[|,2(y,) < &' || ||L2(du),

synthesis || F — M||;1qy) < Ifll2q,) < €7° HfOHLz(dH)-

Numerics
00
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Many ingredients were involved in the short previous proof :

Hilbertian framework, coercivity, Poincaré inequality, Gronwall lemma,
existence of a Maxwellian ...

Aim of this talk :
@ Explain how to adapt to the inhomogeneous case
> well understood and robust theory
@ Explain how to discretize and numerically implement the

problems
> new even in the homogeneous case
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The continuous inhomogeneous case

Perform the same change of variables
F = p+ pf,

and work in H'(dudx) < L?(dudx). The inhomogeneous equation
reads
Of + vOxf + (—=0y + v)0,f = 0, fli—o = 1°,

() d:ef/ fdudx = (1)

@ elliptic biblio (Guo, Villani, Mouhot, Hérau, Nier, Dolbeault,
Mischler, Desvillettes, efc)

@ robust proof (Boltzmann, Landau, efc)
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The continuous inhomogeneous case

Perform the same change of variables
F = p+ pf,

and work in H'(dudx) < L?(dudx). The inhomogeneous equation
reads
Of + vOxf + (—=0y + v)0,f = 0, fli—o = 1°,

() d:ef/ fdudx = (1)

@ commutator identity [0y, vOx] = Ox (hypoellipticity results by
Hérmander, Kohn, developped by Helffer, Nourrigat... ).

@ how to discretize such an equality and equation ?

@ fundamental point : have the simplest proofs and techniques in
order to adapt them to the discretized cases.

Numerics
00
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The modified entropy

We define the entropy functional for C > D > E > 1, to be defined
later on

H o fs CIF|P+ D0uF)? + E (0,f,0cf) + ||0xf% .
Then for C, D, E well chosen, we will prove that t — #H(f(t)) is
nonincreasing when f solves the rescaled equation with initial datum

O e H'(du).
First note that if E2 < D, H is equivalent to the H'(dudx)-norm :

1
5 IfllEn < M(f) < 2C |1l

We have modified the norm in H'.
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> First term

d

o If[2 = 2(0f, ) = —2 (VOLF, ) — 2 (=8, + V)O, f, ) = —2 0, f||*
> Second term

& J0ufI? = 2 (0u(@r). 01
= —2(0y(VOxf + (=0, + V), f),0,f)
= —2(vOOuF,0,f) — 2([0y, vOy] f, D, F) — 2 (Dy (=0, + V)D,f, D, 1) .
= —2(0yf,0,f) — 2||(—0y + v)o,f|?
> Last term 4
g 10xf1° = 20,0,
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> Third important term

d
pr (Oxf, Oy f)
= — (Ox(VOxf + (—0y + v)Oyf), 0y f) — (Oxf, Dy (VOxf + (—0y + V), f))
= — (VOx(0xT), Ovf) + ((—Dy + V), f, 0xO\ )
— (Oxf, [0y, vOx] f) — (Okf, vOxO, )
— (Oxf, [0y, (—=0y + V)] Ouf) + ((—0y + V)O,f, DxO,f) .
we have
(vOxOxf, Oy f) + (Oxf, vOxO,f) = 0.
and
[6V7 (*3v + V)] =1
so that

d
E (Oxf, 0, F) = — [|OxF||” + 2 (=8, + V)O,f, 8D f) — (Oxf, D) .
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> Entropy dissipation inequality

d ‘ ‘ ‘

GiH(N) = —2C|0,f|* 2D ||(~0y + V)Of|* ~ E |0f|* — 2|00, 1*
—2(D + E) {(0«f,0,f) — 2E (=0 + V), f, 05O\ f) .

Therefore, using Cauchy—Schwarz : for 1 < E < D < C well chosen,

d E
1D < =Clouf|* = (E = 1/2) [0f]* < —5 (10" + 0x7]).

Using the Poincaré inequality in space and velocity

d E 2 2 E 2 E Cp
— < —— [ — < = .

Numerics
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> Synthesis

E
We pose 2k =

Cp
o Te and we get by Gronwall lemma

Theorem

For all f* € H' with (f°) = 0, the solution f to the rescaled
inhomogeneous Fokker-Planck equation satisifies for all t > 0,

1 1 —2K —ZK 2
5 Iz < 5 1fllEn < H(F(D) < e 23(0) < 2Ce™> || °]] .
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We want to discretize the equation in space, velocity and time, with

preservation of the long time behavior, (hypo)coercivity, the notion of
Maxwellian.

Keywords and the discrete case

Equation ? derivative ? Hilbert space ? Maxwellian ? Gronwall ?
Poincaré ? commutators ? local ?

Nothing in literature...
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The semi-discrete homogeneous case

We want to discretize (and implement) the equation
oF —0y(0y + V)F =0.
We look for a discretization only in velocity.

> The velocity derivative : for F € ¢'(Z), define D, F € ¢'(Z*) by

% fori>0, (D,F) =

Fit1 — Fi

(D.,F),- = h

"fori < 0.

Numerics
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> The Maxwellian : solving equation (D, + v)u" = 0 yields

C

h h i

it = i€ Z.
!

1o(1+hv)

Then u is even, positive, in ¢1.
Proof by direct computation : (D, + v)u" = 0 writes

h_ . h
“/7,7“1—1+Viulf':0 fori >0
h b
%4_\//#?:0 for i <0,

which gives the expression of /" € .

Numerics
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> The "adjoint" : for G € ¢'(Z*), define DLF e ('(Z)

w fori > 0, (DBG)i = % for i <0,

(D}G)i =
G — G_4

—

> The Hilbert spaces : we pose F = u" + 1/'f and consider

(D}G)o =

ferr(u Z fPul < 400
i

then denoting yf = uf!; for i > 0 and ! = uf?, fori <0

~Di((Dy + v)u"f) = Di(u*(Dyf)i) = uf (=D + v)Duf.
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The discrete equation is then
HF —DYD, 4+ V)F =0,  Fl_g = F°.
With F = u/ + u/'f, we have

Proposition
The equation satisfied by f is the following

Wf+(=DL+v)Dy,f =0,  fl—g = f°.

The operator (— D}, + v)D, is selfadjoint non-negative in ¢2(p") :

(=D} +v)Dit,g) = (Df, Dug), = {£,(~D + v)D.g),

where

p e P & llolf = piul < co.
i#0

Constant sequences are the equilibrium states of the equation.

Numerics
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We can do the same proof as in the continuous case
o note that (f) & S fiuh = S0, = 0,
o compute & ||f|? = —2 <(—D’3 +V)D,f, f> = —2|D,f|2,
@ use Poincaré inequality ||f]|* < || D, f],
e use Gronwall inequality ||f|| < e~*||f|,
e synthesis ||F — u"|[,, < [If|l < e™"|f].
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We can do the same proof as in the continuous case
o note that (f) & S fiuh = S0, = 0,
o compute & ||f|? = —2 <(—D’3 +V)D,f, f> = —2|D,f|2,
@ use Poincaré inequality ||f]|* < || D, f],
@ use Gronwall inequality [|f|| < e~"[|f°||,
e synthesis ||F — u"|[,, < [If|l < e™"|f].

?? Poincaré inequality ? ?
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Poincaré inequality

Forall f € H'(u) with (fy = 0, we have |/f|%,

Lemma (adapted proof of that by H. Poincare (1912))
< [l % J

(dw) (dp) -

Proof. Denote f(v) = f, f(v') = ', du = p(v)dv and dp/ = p(v')dv'’
to obtain

VI 2
/fzd,u = 1 // (f' — f)?dudy’ = 1 // / Oyf(w)dw | dudy’.
R 2 R2 2 R2 v

From Cauchy—Schwarz inequality, we infer

/fzdp< 2// (/ |0y F(w)] dw> (V' — v)dudy'.
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Denote F(v f 18, f(w)|? dw. Then
/ fdy <+ / (F'— F) (V' — v)dudy/
R 2 R2

= 1 (/ F’V'dudu'—!—// deudu’—// FV’d/,Ld,u’—/ F’Vdudu’)
2 R2 R2 R2 R2
:/deu.
R

Note that 9, » = —vu and perform an integration by parts

/fzdug/Fv,udv:—/Fa.,udv:/avFudv:/|8,,f\2d,u.
R R R R R
Od
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Discrete Poincaré inequality

Proposition (Discrete Poincaré inequality)
Let f be a sequence in H'. Then,

2 2
1 = ()l quuny < 1DV Fll2(yesy -

Proof. Assume (f) = 0 and write
Zfzu/ =3 Z Vi =Y (6 = )2 migs,
i<j
- computations using an antiderivative of f defined by
J

Fi= > (h—fia),

/:*/‘a
and use the integration by part in the discrete weighted space :

. Fi— F F Fi-F  F
> Filpi ==Y ’Tmui + h*;/io -3 %Ni h21 Ho-
i£0 i>0 i<0
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Poincaré inequality in space

The two preceding objects and proofs can be adapted to the
inhomogeneous cases under the following assumption

Hypothesis

The operator Dy is skew adjoint, commutes with velocity and satisfies

the Poincaré inequality in space

colld — ()% < 1Dxol1% -

Numerics
00

For example,
@ centered discrete derivative

(D)= PP jezyng,

@ continuous derivative (on the torus).
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All cases

The two preceding objects and proofs can be adapted to the
inhomogeneous cases (we give the f version) on /2(u"dvdx) :

@ semi-discrete case
f + VD f + (—D% +v)D,f =0,  flieo = °,

@ the fully discrete Euler implicit case

fn+1 _fn
Tt VD "1 4 (=Di + v)Dy f™1 =0,  fli—g = f°,
@ the fully discrete Euler explicit with Neumann on v € [—b, b]

fn+1 _fn
ot

Numerics
00

+ VD "+ (=D 4+v)Dy f" =0, flimg = f°, Dyfip=0.
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An example of theorem
Theorem

Assume C > D > E > 1 well chosen. There exists k, ty, hg > 0 such
that for all f© € H' with (f°) =0, all & € (0, t), and all h € (0, ho) the
sequence defined by the implicit Euler scheme satisfies for all n € N,

1
5 1715 < H(") < H(P)e ™ ™ < 2C |10, e7H%.

Numerics
00
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Elements of proof

Consider
H(f) = C||If|® + D|IDA|Z + E (Dyf, SDf), + | Dyf|*.
with S = [D,, v] and therefore SD, = [D,, vDy] :
(S9)i = gi—1 fori >1 (S9)i = giy1 fori < —1.
We have for example
D,(—D% + v)S — S(—D} + v)D, = S+,
where ¢ is the singular operator from ¢2 to Ef defined for f € ¢2 by

fi —

(0f)y=0if |j| =22, (3f)-1 =~

(67 = 2

fo — f_1

Numerics
00



Especially for the singular term involving 4, we have for all ¢ > 0,

(6041, D,1),| < 1|0} + i1

2 2
+& | DDA

DA
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,

we have for the first, second and fourth terms

d 2 2
S = 2012,
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,

we have for the first, second and fourth terms

d 2 2
S = 2012,

d 2 2
2P = —2)0.|
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,
we have for the first, second and fourth terms
d
DI =2 <Dv(—vDX — (=D} + v)D)f, va>ﬁ
= —2(Dy(VDy)f, Dyf), — 2 <Dv(—D§ +Vv)D))f, va>u

2
— —2([Dy, VD] f, D,f), —2 (vDD, f, D, f), —2 H(foé +V)D,f

=[D,,v]Dx=SD, =0

2
— ~2(SDif, Dyf), — 2 (=D + v)Duf
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,

we have for the first, second and fourth terms
d
DI =2 <Dv(—vDX — (=D} + v)D)f, va>ﬁ
= —2(Dy(VDy)f, Dyf), — 2 <Dv(—D§ +Vv)D))f, va>u

2
— —2([Dy, VD] f, D,f), —2 (vDD, f, D, f), —2 H(foé +V)D,f

=[D,,v]Dx=SD, =0

2
— ~2(SDif, Dyf), — 2 (=D + v)Duf

d
g 1017 = —2 (0. 08) = 2||(=0v + VIO 1
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,

we have for the first, second and fourth terms

d
a7 IDfI* = —21Dy D (1)
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,

we have for the first, second and fourth terms

d
a7 IDfI* = —21Dy D (1)

d
5 101° = —2 18041
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,
we have for the third term
d sD.f.D,f
d7t< X1y v >ﬁ
= — ISDfI? + h <SbDXf, DVDXf>ﬁ

+2 <(703 +v)D,f, sﬁDXDVf> — (SDyf,Dyf), — (5Df, D,f), .
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So, when it comes to computing the derivative (time-continuous case)
of the discrete entropy

H(f) = C||f|? + D||D,f||Z + E (D,f, SDyf), + || Dif|1?,

we have for the third term
d SD,f, D, f

d7t< X1y v >ﬁ

= — ISDfI? + h <szXf, DVDXf>ﬁ

+2 <(703 +v)D,f, sﬁDXDVf> — (SDyf,Dyf), — (5Df, D,f), .

d
=2 (Of 0f) = — 0% FII? + 2 ((=8y + V)0, 840y f) — (Dxf, Dy f)

(obtained with [0y, (=0, + V)] = 1)
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