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Matching vs. Non-matching grids

Possible uses of
non-matching grids Jra—

@ A simpler treatment of complex geometries, cracks, inclusions,

@ Inverse problems involving geometrical features of a priori
unknown shape

@ Fluid-Structure interaction, particulate flows, ...
(domain changing in time)
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Outline

@ Classical Fictitious Domain methods for Poisson-Dirichlet
problem

—Au="finQ
u=gonT:=090

o CutFEM a la Burman & Hansbo
@ A “no cut” method

e A version for Poisson-Dirichlet
o A version for Poisson-Neumann

e ¢-FEM : a joint work with Michel Duprez (LJLL)
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A classical fictitious domain method

@ Extend v to to the whole fictitious domain O by the solution
of the same governing equation

1/ IV
] ]
// /] ] // /]
—Au="FfinQ
—Au=1finQ°:=0\Q ¢
u=gonT S ARy 4G
s s
+ some b.c. on 00

@ The weak form with a Lagrange multiplier A on I':
Find u € HY(O), A € H7Y2(T) s.t.

/Vu-Vv-l—/)\v:/ fv Vv e H(O)
o T o
/V“Z/gﬂ Vp € HTV2(T)
r r
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Finite element discretization

o Let

T be a quasi-uniform mesh on O

V), = {cont. piecewise linear functions on 7}

M), = {piecewise constant on a mesh on I'} -

o Find up, € V), Ap € M, s.t.
/ Vuh-VVh—i-//\hvh:/ fvy, Vv, €V,
@) T @)

/HhUhZ/gPlh Yup € My
r r
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Analysis from GIRAULT & GLOWINSKI (1995)

@ The mesh on T should be sufficiently coarser than T in order
to have the inf-sup condition

inf  sup fr KbV

>p>0 .

VheVh e My, ||]4h||71/2,1“|Vh|1,O

@ By the theory of saddle-point problem discretization
lu—unlro S lu—thulro+ A=A Z1/2r
@ By elliptic regularity

u € H2(Q) NH?(QF) and A = BZ] € HY2(T)
r

but u ¢ H?(O) (typically u € H3/?27¢(0))
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The best possible convergence

Even supposing some extra regularity for f one gets
1/2
|u— uplr,0 S P2 fllL0

Indeed,
@ Approximation of A is OK: taking /,f as L2-projection

A =T A]—1/2r S hl[Al/2r S hlliflloo

@ On cut triangles T C Q£ one cannot expect more than

lu—Tpuli,T S ul1wr
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The best possible convergence

Even supposing some extra regularity for f one gets
1/2
|u—unlro S B3| fll10

Indeed,
o Approximation of A is OK: (I} as L2-projection)

IA =l Al -1 2r S AllAl2r S Allflloa
@ On triangles T C QE one cannot expect for more than
lu=thuly, T S ful1er
@ Summing over triangles gives
u—Ihuly,0) S hlulyonar + ulyar

S hlifll 20y + IO Vull o0y S hllifllo.o + Vh|fl1o
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Modern fictitious domain methods: CutFEM

A version with Lagrange multipliers BURMAN&HANSBO(2010)

Find up, € Vi, Ap € W, st
/ Vuh-Vvh+//\hvh:/ fvy, Vv, €V,
(@) Tr (@)

/rﬂhuh—(fh ) /r[)\h][,“h] Z/rgﬂh Viun € Wi

Ecéf

Here

Vj, = {cont. piecewise linear functions on 7T}

Tn = the original mesh without elements outside () AT
W), = {piecewise constants on 7,1 }
TY = restriction of Tj, on O}

EF = { the edges cut by I'}
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Modern fictitious domain methods: CutFEM

A version with Nitsche approach BURMAN& HANSBO(2012)

One no longer needs Ap:
Nitsche method 4+ Ghost stabilization

/QVuh-Vvh— aUhvhzl:/uhavh—i— h/uhvh

+oh Y / {a””] [avﬂ (Ep7 = ELUT))

Ecel

_/Q fvh—|-/g ,Y/gvh Vv € Vp
h

Stabilization for FE of order k > 1

o &y [ [5e][54]

Ecelij=

Alexei Lozinski (LMB) Séminaire CERMICS, 25/03/19



Notations and results

gt = EF U {edges on T} }

F’ = the inner boundary of Qr
P
=T e P
/' ] / H I_h
ol - e I’
Z h
7 7
|~ % Z

@ One gets the optimal convergence

lu—uplr.0 S A¥lulki1a

e k =1 for the variant with A
e k > 1 for the variant a la Nitsche
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Fictitious Domain vs. CutFEM

FD CutFEM

Ease of implementation:

@ The standard quadrature for uj
is performed on the whole
triangles
Pro @ Some interpolation in the Opt”nal convergence
surface integrals may be needed,
but it can be alleviated in the

stabilized version (same as
CutFEM Aj)

Non standard quadrature on cut triangles

Contra  Slow convergence v/ h
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A “no cut” method for Poisson-Dirichlet

@ Assume that our problem can be solved up to I'y,

n fn P
. = T .
—Au="finQy v b iy e

u=gonTl

/&
i
yllARA
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A “no cut” method for Poisson-Dirichlet

@ Assume that our problem can be solved up to I'y,

n fn P
. b 2 . -
—Au="fin Qy 4 i - -« I
u=gonTl A 1
L 74 / /
@ Integrate by parts over () ’
ou 1
Vu-Vv— | —v= fv, Vv e H (Qp)
o r, on o
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A “no cut” method for Poisson-Dirichlet

@ Assume that our problem can be solved up to I'y,

/ I—h

L‘n fn _

—Au="finQy ; ///,

u=gonTl 7 e

7
bl 1
@ Integrate by parts over (), ]
0
Vu-Vv— [ Sov= fv, Vve H (Qy)
o r, on o

@ Weakly impose the b.c. on T’

ou dv Yy
QhVu-Vv— rh$v+ FU$+E/FUV

av. v [
= fv—l—/ ——}—f/ v
o r&on " h )8
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A “no cut” method for Poisson-Dirichlet

@ Assume that our problem can be solved up to I'y,

e

L‘n fn _

—Au="fin Q) ; o //
u=gonTl 7 e

7

17 /

@ Integrate by parts over (), ]

0
Vu-Vv— | 2y = fv, Vv e HY (Qp)
o r, on o

@ Weakly impose the b.c. on T’

ou dv Yy
QhVu-Vv— rh$v+ FU$+E/FUV

ov v [
= fv—l—/ ——}—f/ v
o r&on " h )8

@ Add a ghost stabilization
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A “no cut” method for Poisson-Dirichlet

Finite element discretization

@ The FE space
Vv, = {Vh € Hl(Qh) : V/-,|T € ]Pl(T)VT S 777}
@ The bilinear form

_ ou av
o= [0S B e o

du| [ov
o = [ 5] |5)
E%y, Elon| |dn

with v > 0 (arbitrary) and o > 0 sufficiently big
(both v > 0 and ¢ > 0 independent of h)
@ Search for uy € V}, s.t.

av
an(up, va) :/Q fvh—i—/rga—:—l—%/rgvh Vv, € V
h
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Analysis of the method

An important lemma for the coerciveness

Recall Qf = {T € T, : TNT # o}
VB>0 3d0<a<1s.t forall vy € V)

Wl o < alvilE o, + Bh X
Eegl’

Proof. One can cover I by

disjoint connected element
patches {ITy}x—1 . n;,. Each
patch consists of a feeding
triangle Ty C Q) and the
remaining part I—IE cut by T’
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ns 1 A patch IT,

AN The feeding triangle T

The number of triangles in Hk is
assumed < M

@ Pick a p > 0 and set

\Vhﬁnr Bh ZEegr’ﬁHk

5]

with the maximum over all the possible configurations of I,
and over all the piecewise linear functions on I1. The

maximum &« < 1 is indeed attained thanks to homogeneity wrt
h and v.

‘2
X = max 0.E
Iy, vp#0

|Vh|1,Hk
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@ Supposing & = 1 leads to a contradiction. One would have
then for some vj, with |vp|1m, =1

vy 112
2 h
VlT 7, +B ), HaJ =0
Eeé’,{"ﬁHk 0.E
This implies
° Vvh =0on Tk
o [Vvp] =0 on all edges E inside ITj
Thus Vv, = 0 on I'T, => contradiction.
@ We conclude da < 1 s.t.
2 2 vy, 2
Vals e < alvalin, + Bh ). an o

Ee&y NI

Summing this over I1j yields the announced result
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Coerciveness of aj

Provided o > 0 is sufficiently big, there exists an h-independent
constant ¢ > 0 such that Vv, € V,

1
2 . 2
a(ve vn) 2 clllvallly — with — l[vIlls = [vIia, + ZlIvIGr

Proof: Recall, by the definition,

v dv
an(vh, vp) :/ ]Vvh|2— hvh+/vh hy z/v,?
Qy hJr
avh'
h —th
T Z / | on |
Let By be the strip between I" and I'y,. By integration by parts

d d (v ]
[ D [ / Vol = ¥ [ w2
r, on r on Feel FmB,, | on |

Alexei Lozinski (LMB) Séminaire CERMICS, 25/03/19



An H! error estimate

Suppose f € L?(Qy,), g € H3/2(T), then

|u— upl1,0+ \/—HU— upllor S h(llflloq, + llgllz/2r)

Observe u € H?(Q)
Let i € H?(Q),) be extension of u and f := — A

ov,
ah(uh,vh) = (f, Vh)LZ(Qh) —}—/ga: %/rgvh Vvh c Vh

av,
ah(ﬁ, Vh) = (f Vh)/_z Q) —|—/g h %/rgvh Vv, € V,

Galerkin orthogonality

h( up — 0, Vh) (f—f Vh)OQh, Vvh eV,
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Proof continued

Galerkin orthogonality and coercivity of a, lead to

. ap(up — Ind, vy
N — il < sup 244 )
vhE V) |||Vh|Hh

ah(ﬂ — Iy, Vh) + (f — F, Vh)L2(Qh)
= sup

eV 1T valll

1
< |eu|1,a,,+fh‘

de
a: "’7HeUHO,F+HeUHO,F

or, Vh

1

2

de,
on ||y g

lvall (e,

+1h )

EcE}

—I—Hf—fH r sup
O'Q"Vhevh [ valll

note that f=Ff on O\Q}
with e, = i — i

@ All the terms involving e, are bounded by
hlul2,0, S hlul2.0 S hllflloa
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@ It remains to bound the term with f — f. We have

If = Flloap < Ifllo0, + 1Adllo.q, < Cllfloo,

and by a Poincaré-like inequality in the strip Q) of width ~ h

lvalloqr < € (Vhllvallor + blvaly o ) < Chlllvalll

An L2 error estimate (proof by Aubin-Nitsche)

Under the same assumptions as above

lu—unlloa S b2 (Iflloq, + llglls/2r)

Non-optimality of the L? estimate

In fact, the numerical experiments reveal the optimal convergence
rate O(h?), similar to the state of art in the study of the
non-symmetric Nitsche method.
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Numerical results

Let () be a "seven pointed star” embedded in the square
(—0.5,0.5)2.

We rotate this star around (0, 0) by an angle 6

A
y

NPZANAN

ZNE

6o=0 6o =0.2 6o =05

@ We solve
—Au=0inQ), u=gonTl

with a fabricated solution u = sin(x)e”

@ When the domain is rotated, we also rotate the solution
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Results on a fixed domain (g = 0)

\pproximation on the 16 x 16 mesh Under the mesh refinement

..
L

/""l

--@ - Hemor
,

L L
002 004 006
h

Implementation in FreeFEM++

@ intld(Th, levelset=phi)(...)

/4»:0'”

int2d(Th, levelset=phi)(...)

/¢<0...
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Error vs. mesh refinement and domain placement (H?)

(No-Cut method ¢y =1, ¢ =0.01) (CutFEM-Nitsche sym. v =5, ¢ =0.1)
0,04 E el 0.04F N8
0.035F 0.035
0.03F 0.03F
0.025F 0.025F
0.02F Nz 0.02F N3z
0015 0016 F
Bootf nesd 801k Nest
R 5
T T
0.005F r1ze 0005 Nz
Nezss Nezse
7 7 7 7 ; 7 7 T
0z o o5 o5 o2 oe o6 o5
S 8
(CutFEM with Ay 0 = 0.01) (CutFEM-Nitsche asym. v =1, ¢ = 0.01)
E Nt E Nets
0B =T 1 00%
0.03F 0.03F
0025 0025 F
0.02F | 0.02f N3z
0.015F 0015F
Soorf e Bootf N-st
5 5
T T
0.005} il | I 0005 N1z
‘ Ne2se Nezse
n N n n 7 7 7 T
02 04 06 08 02 04 0.6 08
0 &

Alexei Lozinski (LMB) Séminaire CERMICS, 25/03/19



Error vs. mesh refinement and domain placement (L?)

(No-Cut method ¢y =1, ¢ =0.01) (CutFEM-Nitsche sym. v =5, ¢ =0.1)
s
e N=16
s nes2 3
108 e A e 107k N3
“4104_ N=128 NJ10‘1-
s
s
10°F 10° Ne2ss
R a1 N
8 8
(CutFEM with Ay 0 = 0.01) (CutFEM-Nitsche asym. v =1, ¢ = 0.01)
-
AT~ N1
10°F N=32 107 N=32
el Yol
wezs s
ok s o s
02 04 06 08 02 04 06 08
0 &
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Dependence on stabilization parameters

The same problem on the 32 x 32 mesh.
Non rotated Q) (6p = 0)

0.003
0.023

0002 0.022

L* error
H' error

0.001

L s L L
107 107 107 10 107 10' 10°

The relative errors in L2(Q) and H!(Q)) norms as functions of
parameters

@ 1 for the Nitsche stabilization (on horizontal axis)

e o for the ghost penalty (separate curves)
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What about Neumann boundary conditions?

—Au="finQ, a—u:gonl"
on

Formally
—Au=fin Qp, @zgonl".
an
Integration by parts over (), and weak b.c. on I’
Vu-Vv— —|—/ = fv-l—/gv
o) Ty an Qp T
Add ghost penalty ...
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What about Neumann boundary conditions?

—Au="fin (), a—u:gonlﬂ
an

Vu-Vv— —i—/ v = fv—i—/gv
O rhan o

This does not work

@ It seems impossible to establish the coercivity without
controlling ||uo.r-

@ Vuy is piecewise constant if up, is a IP; FE: impossible to
impose Vup - n = g on an arbitrary curve T’
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A “no cut” method for Poisson-Neumann

@ Assume that our problem can be solved up to I'y,

—Au=fin Qy, %zgonl"

Moreover introduce y = —Vu on QE
(between 'y, and T})

Alexei Lozinski (LMB)
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A “no cut” method for Poisson-Neumann

@ Assume that our problem can be solved up to I'y,

—Au=fin Qy, g::gonf o,

Moreover introduce y = —Vu on QE
(between I'y, and T'})
@ Integrate by parts over (), and impose —y-n=gon I

/ Vu-Vv+ y~nv—/y'nv:/ fv—i—/gv, Vv € HY Q)
Qy Ty r Qp r

— . e
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A “no cut” method for Poisson-Neumann

@ Assume that our problem can be solved up to I'y,

—Au=fin Qy, g::gonf V7 sarirarasa o,

Vg p - e

Moreover introduce y = —Vu on QE
(between I'y, and T'})
@ Integrate by parts over (), and impose —y-n=gon I

/ Vu-Vv+ y.nv—/y.nv:/ fv—|—/gv, Vv € HY Q)
Qp T, r 0 r

_ o r
@ Impose y = —Vu and divy = f on (),

/ Vu-Vv+ y-nv—/y-nv—l—’y/ divy div z
Qn T r ab

-HT/(A)T()/ +Vu)-(z+Vv)

— . e

= fv+/gv+’y/ fdivz, Vv € HY(Qp), z € H} Q)
O r Jar
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A “no cut” method for Poisson-Neumann

Finite element discretization

@ The FE space
vy, = {Vh € Hl(Qh> : Vh’T € ]Pl(T>VT € T, /Q Vp = 0}
h

Zy = {Zh € Hl(QI,;)2 : Zh’T S ]1)1<T)2VT € 77,1“}
@ The bilinear form
al(u,y;v,2) :/ Vu-Vv+/ y-nv—/y-nv
Qp Ty r
—I—')// divydivz—l—a/ (y+Vu) - (z+ Vv)
o) o)
+oh | [VU] . [Vv] <= ghost penalty
Iy
e Search for up € Vj, yn € Zj such that V(vy, z) € V), X Zp

aily(uh,Yh;Vh,Zh) = /Q fvh—l-/rgvh—l—’y/ﬂrfdivzh
h h

Alexei Lozinski (LMB) Séminaire CERMICS, 25/03/19



Analysis of the coerciveness

@ The bilinear form can be rewritten by the divergence Theorem
al(u,y; v, z) :/ Vu-Vv+ / (vdivy +y-Vv) +’y/rdivydivz
Qh . Bh Qh
+0 [ v+ Vo) (z+Vv)+oh [ [V [VY]
Q, T
o The term [z vdivy can be controlled thanks to the

“div-div"" stabilization. The following lemma allows us to
control thy Vv

There exist 0 < a < 1 and B > 0 depending only on the mesh
regularity such that ¥Yvy, € Vi, zn € Zj

— [ 2 Vvn <alalZo, + Bllzn + Vvall3 o + BAIV W

h
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Coercivity and error estimates

Coercivity of the bilinear form

Provided 7, o are sufficiently big, there exists an h-independent
constant ¢ > 0 such that Vv, € V}, z, € Z,

ap (Vi, zni vh, zn) > cl||vh zal|[7

with
v, 2lll7 = VI3, + I div 2|2 o + |2+ VI o + ATV lo

Error estimates in H! and L2

=2
o
=
=
\

Suppose f € HY(Q)), g € H32(T). Provided v, o are sufficiently
big,

lu—unlro S h(lIfll10, + &lls/2r)
lu = unllo.o S " 2(Iflln0, + lgls/2r)

A
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A sketch of the proof of the H! estimate

@ Let i € H3(Qp) be an extension of u from Q
ldlls0, < Cllulls,a < CIfllo +llglls/2r)

and y = —Vi on QE
@ By Galerkin orthogonality and coercivity

1 - aff (up = Indi, yo = Iny; v, 2n)
—|lup = Ind, yn — Inylll, < sup h
¢ (vh.zn)E€VpxZ) [1[vh, znlll

af(eu, ey Vh, zh) + (f — F, Vh)LQ(Qh) + ’)/(f — F, divzh)Lg(Ql;l)

= sup
(Vh.zn)E VR X Z), Hlvh'ZhHIh

with ey = i — Iy, ey =y — lpy.
@ The interpolation estimate for y:

‘eyllvgg < Ch|}7|1,Q£ < Ch|”|3,(2
@ We no longer have \|vh|\001'-' < Ch|||vh, z|||,- We rely instead on

If = Flloc, = If = flloana < Chlf = Flia, < Ch(Iflia, +ldllsq,)
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Numerical results for the Neumann problem

The domain

& =)

Mesh refinement

—a— Llerror
- —& - H'error

L L L
002 004 006

Alexei Lozinski (LMB)

Rotating )

0.06

0.05
0.04F
0.03F
N=32
0.02 e
-
=001F
N=128
N=256
i T T T
02 04 06 08
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Extension to P, FE: Poisson-Dirichlet

@ The FE space
= {Vh € Hl(Qh> : Vh’T S I[)k(T)VT € 777}

@ The bilinear form

ap(u,v) = QVU-VV—/ —v—l—/ ry/uv
h

+ah22/A”AV+‘ThZ/[ H}

TCOp egp’

@ Search for uy € V s.t. for all vy, € V,

]
uh vh / fvh+/g Y %/rgvh—(fh2
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/ fAv

TCO)



Extension to P, FE: Poisson-Dirichlet

@ The FE space
Vv, = {Vh € Hl(Qh) : Vh|T S ]Pk(T)VT € 7-},}

@ The bilinear form

d d
ap(u,v) = Vu-Vv— [ Zyt rua—’\;%—%/ruv

Q, r, on
|55

+ort Y /(Au)(Av)+(7h
ST Ec&l

TcOl

@ To prove the coerciveness, integrate by parts on By,

Vi Wh _ _ v _
7vh—|—/rvh FY /Bh |Vvh| Z vpAvy, Z

r, on Toap/ TNBs geer /ENB

a(vh, vn) > (1= a)|vnliq, = Al vallln |AVAllo .o + h?[|AVAIG o

2
+ - =l vallls
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Other possible extensions

@ Py FE for Poisson-Neumann
@ Robin boundary conditions
@ General eliptic equations

—div(a(x)Vu)+b-Vu+cu="f
OK provided

e ais not strongly oscillating on length h
e usual positivity assumptions on a, b, ¢
@ Stokes equations: should be OK since we have
velocity-pressure inf-sup (for example P, — P; FE pair) for
free.
@ Back to simple model equation —Au = f:
Computing numerically the integrals over T is still challenging
even for a “no-cut” method
o The piecewise-affine approximation of I is yet to be
investigated theoretically
e "Boundary value correction” = a Taylor expansion, could be

introduced for higher order elements, cf. BURMAN, HANSBO,

T abann (ON17)
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¢-FEM: FEM with a levelset multiplier
with Michel Duprez, LJLL

o We want to solve
—Au="finQ, u=0on T
with Q) given by the levelset
Q={p<0}

@ Introduce the mesh 7} as above (interior and cut triangles),
the FE space

Vh:{VhEHl(Qh):Vh|T€]Pk(T) VTE’Th}, Qp D0
and approximate ¢ ~ ¢, € Vj, u =~ ¢pwy, with w, € V},

0
/Q,, V (@nwh) -V (@nvh) _/Fh %(‘PhWh)(Pth-l- Gh(wh, vi) = /Oh fppv

where G, stands for the the ghost penalty

Gp(wh, vp) =0ch 2 /{ (¢nw, h} { ((thh:|+0'h2 Z / (prwn)A(Pnvh)

EeFr TcTr
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¢-FEM: theory

Provided u and ¢ smooth enough and o big enough

lu— unl1.0n0, < ChH||f|lk.oua,

|u— unlloa < CH*"Y2||f ||k q,

Main ingredients for the proof
o A Hardy inequality: for any u € H**1(©) vanishing on T,

lu/¢llko < Cllullk+1o
@ Interpolation: & an extension of u and w = /¢
[pw — Pulaw[1,0, < [(¢ — Pn)wlra, + |Pa(w — lhw)|10,
< Cth(PHWk+1'°°(Qh)HW||k+1th

< Ch |9l wirrs (o) |l k2.0,
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Numerical results for ¢p-FEM with P; FE

o Let O := {¢ < 0} be a circle inside (0, 1)?
p=(x—1/2+(y—1/2)>-1/8
@ Solve the homogeneous Poisson-Dirichlet problem on () with

u=¢ xexp(x) xsin(27my)

1071
-
105
: 2
s /Z 2| lu = cupllon i A == lu = eupllon
L0 £ = |u— pup|iq 110 L — |u—purlio
L1 L L T L L L L1l L LT
1053 102 107t 1073 102 1072

h h

Errors with ghost penalty o = 20 (left) and without ghost penalty
o =0 (right)
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Numerical results for ¢p-FEM with P; FE

10° T T 107

10°F E
\ 10° 1
100 T E
IS |
1
1

102 H10°F B

10*

1
r 02l —e—Conditioning |
10! : z - -
10-2 10! 102 107!
h h

Matrix condition numbers with ghost penalty o = 20 (left) and
without ghost penalty ¢ = 0 (right)

F = h=141x10"2 10k —eh=141x 1072 |3
100 ——h=T.07x 107 4 b '\ ——h=T07x107?
of ——h=354x107" 100k \ ——h=354x107%|]
107 . —~—h=17Tx10%[{ F e | —h=17Tx107°
2 —e - - [
10 g 101k ]
8 - E
10-3 1 \ 4 — \e
- 10-2 E v;?,_‘_b‘>4 N
104 El E — o o —o
E r — e —
s MR cvwn srem TN .

10 sl Lo ’ L L TR L vl
107°10-*10-* 1072 107! 10° 10' 10* 10° 107°10-*10-* 1072 107" 10° 10" 10* 10°
4 T

Influence of the ghost penalty parameter o
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Numerical results for ¢-FEM

with P, and P; FE

10-10 -

== lu = unllog,/|lullogs
—— |u—up|1q,/|ul10,
: :

| 10-10}

10-6F

10-8

==l = unllog,/lIwllog
—— |u—up|ig,/|uli0,
-

103

Finite elements

1072 10!
h

102 10!
h

of degree k = 2 (left) and k = 3 (right)
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Open questions and perspectives

@ Stationary Stokes equations
e A “no-cut” method giving a good approximation for the force?
e Unsteady (Navier-)Stokes equations

e How to treat the derivative wrt time at a point x that was
covered by solid at time t,_1 and is covered by fluid at time
th?

@ A better “no-cut” method for Neumann bc? Can one
construct one so that to avoid higher regularity assumption?

e A ¢-FEM for Neumann bc?
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