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Introduction

Purpose : To address an homogenization problem for a second order
elliptic equation in divergence form when the coefficient is a non-local
perturbation of a periodic coefficient :

{ —div((aper +3) (./e)Vu) =f inQ, (1)
ut =0 in 0.
Where :
e Q C R? is a bounded domain (d > 1).
o fel?Q).
@ ¢ > 0 is a small scale parameter.
@ a = aper + 4d is a bounded, elliptic coefficient.
@ aper is Z9-periodic and 3 represents a non-local

perturbation.
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Introduction

Purpose : To address an homogenization problem for a second order
elliptic equation in divergence form when the coefficient is a non-local
perturbation of a periodic coefficient :

{ —dlv((aper+3 (O/ e)WVu)=f iLna%,‘ (1)

We want :

1. To identify the limit of u® when the scale parameter
€ — 0 and study the convergence for several topologies

(L2(Q), HY(),...).

2. To make precise the convergence rates.
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Introduction

The periodic case

The periodic problem, when a = ape,, is well known L.

@ u° converges strongly in L2(Q), weakly in H1(Q) to u* solution to the
homogenized equation :

per

—div(a},Vu*)=f onQ
{ u*(x)=0 in 082 (2)

*

her) IS @ constant matrix.

where (a

@ The behavior in H1(Q) is obtained introducing a corrector Wper.p
defined for all p € RY as the periodic solution (unique up to the
addition of a constant) to :

— div(aper(VWperp +p)) =0 in R (3)

![Bensoussan, Lions, Papanicolaou '1978]
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Introduction

The periodic case

This corrector wpe, allows to both make explicit the homogenized
coefficient :

(3her)is = [ € 2prly) (6 + Ter) .
and define an approximation

d
= ut() +e Z Oju* () Wpere (-/€),

i=1

such that u®! — v strongly converges to 0 in H(Q).
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The perturbed problem

@ Our purpose is to extend these results to the setting of the perturbed
problem when
a = aper + a.

e Main difficulty : The corrector equation
—div ((aper + 3) (Vw, 4+ p)) = 0in RY,

cannot be reduced to an equation posed on a bounded domain as is
the case in periodic context, which prevents us from using classical
techniques (Poincaré inequality).
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The perturbed problem

The case of local perturbations

First extension 2: The case of local perturbations (i.e 3(x) — 0 when
x| — 00) when 3 € L"(RY) for r €]1, 00].

@ In this case, the homogenized limit is identical to that of the periodic
case without defect (4 = 0) and the existence of a corrector w, is
established. The corrector is of the form :

Wp = Wper,p + Wp

where Wy, , is the periodic corrector and Vi € L"(RY),

2[Blanc, Le Bris, Lions 2012, 2018] & [Blanc, Josien, Le Bris 2020]
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The perturbed problem

The case of non-local perturbations

@ We consider here a perturbation &, that, although it does not vanish,
becomes rare at infinity.

@ For some fixed ¢ € D(R), a prototypical one-dimensional example

reads as
5= ¢(x —sign(k)2).
keZ
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Mathematical setting

To formalize the mathematical setting of the defects rare at infinity, we
introduce :

g= {Xk}keZd - Zda

a infinite discrete set of points, and
Vi = {x € Rd’VXq €G, |x—x <|x —Xq|},

the Voronoi cell containing the point x.

@ Each point x; models the presence of a defect in the periodic
background.

@ To ensure the defects are sufficiently rare at infinity, we need the
points are increasingly distant from one another when far from the
origin.

Rémi Goudey (ENPC and INRIA) CAN-J 2020 December 3, 2020 11/27



Mathematical setting

The set G is required to satisfy the following three conditions :

Yk €G, Vil < oo, (H1)
1+ x|
3C C G < < C H2
1>0, >0, Vx, €@, 1_D(xk,g\{xk})_ 2, (H2)
Di. V
3G > 0,V € G, Vi) ¢, (H3)

D (xk, G\ {x«}) —
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Mathematical setting

The set G is required to satisfy the following three conditions :

Yk €G, Vil < oo, (H1)
L+ x|
3C C G < < C H2
1>0, >0, Vx €6, 1_D(xk,g\{xk})_ 2, (H2)
Di. V
3G > 0,Vx, € G, fam (Vi) < G, (H3)

D (xk, G\ {x«}) —

RENEIS

@ (H2) is the most significant assumption, it ensures the distance between a
point xx and the others to scale exponentially far from the origin.

@ (H1) and (H3) are only technical assumptions that limit the size of the
Voronoi cells and ensure the worst case scenario, where the set G contains as
many points as possible while satisfying (H2).

v
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Example of admissible set of points

Figure: Example of points that satisfy our assumptions along with their associated
Voronoi diagram for d = 2. Here the coordinates of the points are powers of 2.
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The space of perturbations

In order to describe the perturbations we define :

B(RY) = { € (%) | 3 € L3R, lim [ = il =0}

|
||
equipped with the norm

1l s2(rey = II1l.2

(R T [ fooll2(ray + sup [[f — 7—x foo [l 21 -
uni Xkeg

Where :
° Lfmif(Rd) = {f € L%oc(Rd)v SU]IE Hf||L2(Bl(x)) < OO},
x€ERd
o [Ifllz ey = sup [Iflliz(g,(x)
x€Rd

o 7f =f(.+x)
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The space of perturbations

In order to describe the perturbations we define :

B(RY) = {7 € (R | 3t € (RO, lim 7 = o fllogy = O

|
[k
equipped with the norm

£l = WPl ey + Wl + 0B 1F = 7o, ol
Xk

o A function in B?(R9) behaves, locally at the vicinity of each point xj,
as a fixed L2-function truncated over the domain V.

° (Bz(Rd), ||.||32(Rd)) is a Banach space.
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A property of B?(R?)

Proposition (Average)
Let u € B3(RY), then :

1
ul) = lim — u(x)|ldx =0
(= Jim g [ 1060

@ Consequence of the geometric distribution of the points xi
(Assumption (H2)).

e On average, the perturbations belonging to B%(R9) do not impact the
periodic background.

o If 3 € B2(RY), the homogenized limit of u® is therefore expected to
be the same as in the periodic case without defect (i.e. when 4 =0).
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In our work, we consider a matrix-valued coefficient of the form
a = aper + a,

such that

® aper € Lger(Rd)dde 3¢ Bz(Rd)dXd,

o I\ >0, Vx, & € RY, N2 < (a(x)€,€),  Mé? < (aper(X)E,6),

® aper, 8, 3r € (L°(RY) N CO2(RY)) " o €]0,1].

Here, 3o is the limit L2-function associated with &.
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Existence of the corrector

Theorem 1 : Existence result for the corrector equation

For every p € RY, there exists a unique (up to an additive constant)
function w, € HE (R9) such that Vw, € (L2, (R) + Bz(Rd))d, solution
to:

Ix|so0 1+ ‘X| -
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Existence of the corrector

Theorem 1 : Existence result for the corrector equation

For every p € RY, there exists a unique (up to an additive constant)
function w, € HE (R9) such that Vw, € (L2, (R) + Bz(Rd))d, solution
to:

(wp ()| _ (4)

Ix|so0 1+ ‘X| -

Main Idea : Assume wj, = W, per + Wp with Vi, € B2(RY), then (4) is
equivalent to an equation of the form :

—div((aper + 8)Vu) = div(f) in R,
where u = W, and f = 3(p + Vw, per) € B2(RY).
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Existence of the corrector

Existence result in the periodic problem

Lemma 1 : Existence result in the case 3 =10
Let f € B2(RY), Ju € HL_(RY) such that Vu € B?(R9), solution to :

— div(ape,Vu) = div(f) in D'(RY).

3[Avellaneda, Lin 1991]
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Existence of the corrector

Existence result in the periodic problem

Lemma 1 : Existence result in the case 3 =10
Let f € B2(RY), Ju € HL_(RY) such that Vu € B?(R9), solution to :

— div(ape,Vu) = div(f) in D'(RY).

Main idea (for d > 3) : Use the Green function Gpe, (i.e. the fundamental
solution) associated with — div(ape,.) on RY to define a solution u :

u(x) = / Yy Gper(x, y)f(y)dy

In order to show that u is well-defined in H,OC and Vu € B2, we use pointwise
estimates satisfied by Gper

1 1
|vprer(X’Y)| < Cﬁ» ViV Gper(X N<C——
Ix =yl x—y|"

3[Avellaneda, Lin 1991]
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Existence of the corrector

A priori estimate

Lemma 2 : A priori estimate

There exists a constant C > 0 such that for every f € B?>(R?) and u
solution in D'(RY) to

—div((aper + 3) Vu) = div(f) in RY,

with Vu € B?(R?), we have the following estimate :

IVullgrey < Cllfllg2(rey-

@ Lemma 2 ensures the continuity of the reciprocal linear operator
f — V (—divaV) div(f) from B2(RY) to B2(R).
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Existence of the corrector

Main ideas for the proof of Theorem 1 *# :
@ For every s € [0, 1], we consider the assertion P(s) :
" There exists u € H} _(R9) solution in D'(RY) to
—div ((aper + s3)Vu) = div(f),
such that Vu € B?(R9)".
o We define Z = {s € [0, 1], P(s) is true}.
@ Lemma 1 = 7 is not empty.

@ Lemma 2 = T is both open and closed for the topology of [0, 1].

@ Using an argument of connexity, Z =[0,1] = s=1¢€ 7.

*Proof adapted from [Blanc, Le Bris, Lions 2018]
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Existence of the corrector

Remarks

o The corrector satisfies Vw, € L2per + B?(RY), its gradient shares the
same structure " periodic + B2" as the coefficient a.

@ The proof of existence is heavily based upon the geometric
distribution of the xx. In particular, Assumption (H2), which ensures
the distance between the points x, to scale exponentially far from the
origin, is essential in our approach.
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@ Application to homogenization
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Application to homogenization

Proposition : Homogenization result

Let u° the sequence of solutions in H3(Q) to

{ —div((aper + 3)(./e)Vue) =f in Q,
=0 in 0S2.

Then the homogenized (weak-H(Q) and strong-L?(Q2)) limit u* obtained
when £ — 0 is the solution to

—div(a;,, Vu*)=f onQ
u*(x) =0. in 09.

@ As expected, the homogenized coefficient is identical to the periodic
homogenized coefficient.
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Application to homogenization

Theorem 2 : Convergence results

Assume d > 3 and Q is a C>!-bounded domain. Let Q; CC Q. We define
d

ol =t 4+ eZa,-u* we,(./€) where wg, is solution to corrector equation
i=1

for p = e; and u* € H}(Q) is the homogenized limit. Then R® = v — u®!

satisfies the following estimates :

IR 2 (@) < Guellfllz(),

VR [ 2(0,) < Goellfl 12

where C; and G, are two positive constants independent of f and e.
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Thank you for your attention !
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