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Convexity-Preserving Transformations
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<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)



Infimal Convolution

<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x



<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)

Infimal Convolution



<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)

Infimal Convolution



<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)

Infimal Convolution



<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)

Infimal Convolution



<latexit sha1_base64="cbD/DesOPXaZuXQ4GufsFoCDrj0="></latexit>

f1(x1)

<latexit sha1_base64="YBjITztDQGG/dBrhzuekUC2j57c="></latexit>x1

<latexit sha1_base64="7es8FPQBzW3VWTs0TTjX7jCaPig="></latexit>

f2(x2)

<latexit sha1_base64="4x1fu3FeWd8FOIGdqqM5FH/L5Lk="></latexit>x2

<latexit sha1_base64="baiSg5458L6suxo1mn9U7R59EQc="></latexit>

⇤
<latexit sha1_base64="uFoYbYOUM/V+Z/4Rph0yOn1og1k="></latexit>

=

<latexit sha1_base64="NEqgsBf/Q+bGd4laec6h2xtelsY="></latexit>x

<latexit sha1_base64="oeUQII3pdpTct67MfUTHFJBpS4I="></latexit>

f1(x1), f2(x2)  (f1⇤ f2)(x) = inf
x1+x2=x

f1(x1) + f2(x2)

<latexit sha1_base64="s7bEXTPUYzzA3r7zCU/7mYGLgrw="></latexit>

(f1⇤ f2)(x)

Infimal Convolution



Convex Optimization



Primal Problem

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)

<latexit sha1_base64="liZZAXHIaeZqjJ+4Sk/tqc/X76o="></latexit>

f1(x)

<latexit sha1_base64="famMsXTbMSR//05zKfMAnV9asyU="></latexit>

f2(x)

<latexit sha1_base64="pAKwDMF7QtE+3YZmWaPI8c/828I="></latexit>

inf
x

f0(x)
s.t. fi(x) ≤ 0 ∀i = 1, . . . , I (P)



<latexit sha1_base64="o57pvhjPuSi2oCEEKxFiotEagR4="></latexit>

inf
x

f0(x)
s.t. fi(x) ≤ 0 ∀i = 1, . . . , I

<latexit sha1_base64="o57pvhjPuSi2oCEEKxFiotEagR4="></latexit>

inf
x

f0(x)
s.t. fi(x) ≤ 0 ∀i = 1, . . . , I

Primal Problem

(P)

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)

<latexit sha1_base64="liZZAXHIaeZqjJ+4Sk/tqc/X76o="></latexit>

f1(x)

<latexit sha1_base64="famMsXTbMSR//05zKfMAnV9asyU="></latexit>

f2(x)

<latexit sha1_base64="LfwS3iww27IJUluTKEyJTSYXlWU="></latexit>

fi(x)

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

pcc



<latexit sha1_base64="o57pvhjPuSi2oCEEKxFiotEagR4="></latexit>

inf
x

f0(x)
s.t. fi(x) ≤ 0 ∀i = 1, . . . , I

<latexit sha1_base64="o57pvhjPuSi2oCEEKxFiotEagR4="></latexit>

inf
x

f0(x)
s.t. fi(x) ≤ 0 ∀i = 1, . . . , I

Primal Problem

(P)

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)

<latexit sha1_base64="liZZAXHIaeZqjJ+4Sk/tqc/X76o="></latexit>

f1(x)

<latexit sha1_base64="famMsXTbMSR//05zKfMAnV9asyU="></latexit>

f2(x)

<latexit sha1_base64="LfwS3iww27IJUluTKEyJTSYXlWU="></latexit>

fi(x)

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x



<latexit sha1_base64="o57pvhjPuSi2oCEEKxFiotEagR4="></latexit>

inf
x

f0(x)
s.t. fi(x) ≤ 0 ∀i = 1, . . . , I

Primal Problem

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)

<latexit sha1_base64="liZZAXHIaeZqjJ+4Sk/tqc/X76o="></latexit>

f1(x)

<latexit sha1_base64="famMsXTbMSR//05zKfMAnV9asyU="></latexit>

f2(x)

<latexit sha1_base64="LfwS3iww27IJUluTKEyJTSYXlWU="></latexit>

fi(x)

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

Joseph-Luis Lagrange

<latexit sha1_base64="6REBCzwXO5L2nDtxqwR1+iNwpgk="></latexit>

λi



<latexit sha1_base64="YwZTe2HfSKcUQ8tEX1NONQoAS1U="></latexit>

inf
x

sup
λ≥0

f0 (x) +
PI

i=1 λifi x

Primal Problem

<latexit sha1_base64="LfwS3iww27IJUluTKEyJTSYXlWU="></latexit>

fi(x)
<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

Joseph-Luis Lagrange

<latexit sha1_base64="6REBCzwXO5L2nDtxqwR1+iNwpgk="></latexit>

λi

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)

<latexit sha1_base64="liZZAXHIaeZqjJ+4Sk/tqc/X76o="></latexit>

f1(x)

<latexit sha1_base64="famMsXTbMSR//05zKfMAnV9asyU="></latexit>

f2(x)



<latexit sha1_base64="FOUQuvw9+lz+UrsJTMpzLu8P6xs="></latexit>

inf
x
sup
λ≥0

f0 (x) +
PI

i=1 λifi x

Primal Problem

<latexit sha1_base64="LfwS3iww27IJUluTKEyJTSYXlWU="></latexit>

fi(x)
<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

Joseph-Luis Lagrange

<latexit sha1_base64="6REBCzwXO5L2nDtxqwR1+iNwpgk="></latexit>

λi

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

<latexit sha1_base64="UBB7bGodgzKXTXp2M5BICiVtqjg="></latexit>

f(x)

<latexit sha1_base64="f+2ETi+mPlSCNXgXwXkDyw+VaT4="></latexit>

= f(x)

<latexit sha1_base64="HQ/4W8BYvya41q4TnW146/sQXPE="></latexit>sup
λ≥0



Dual Problem

<latexit sha1_base64="FOUQuvw9+lz+UrsJTMpzLu8P6xs="></latexit>

inf
x
sup
λ≥0

f0 (x) +
PI

i=1 λifi x
<latexit sha1_base64="LfwS3iww27IJUluTKEyJTSYXlWU="></latexit>

fi(x)
<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

<latexit sha1_base64="6REBCzwXO5L2nDtxqwR1+iNwpgk="></latexit>

λi
<latexit sha1_base64="HQ/4W8BYvya41q4TnW146/sQXPE="></latexit>sup
λ≥0

Joseph-Luis Lagrange

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

<latexit sha1_base64="UBB7bGodgzKXTXp2M5BICiVtqjg="></latexit>

f(x)



Dual Problem

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

<latexit sha1_base64="TCJngAEIzha8usJgXTNcLvKdvZQ="></latexit>

= g(λ)

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞

<latexit sha1_base64="gHHvPfmOSu5hWdR/cA1/mKrVTCM="></latexit>

g(λ)

<latexit sha1_base64="mb0LB7Rt9mDUcMVaSbtmjhftiSM="></latexit>

λ

<latexit sha1_base64="rbvyWEEw2OuC23w4BWMCCVmos70="></latexit>sup
λ≥0

<latexit sha1_base64="ldM7Hjrv6RftmcgjYUPINhk6pxs="></latexit>

+

<latexit sha1_base64="La4v+mtDJkqxpgeXNBlntcvoduk="></latexit>PI
i=1 λifi(x)

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

<latexit sha1_base64="UBB7bGodgzKXTXp2M5BICiVtqjg="></latexit>

f(x)



Dual Problem

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="fB7DsM965AomYCuzwd3KXDMUngw="></latexit>

inf
x

<latexit sha1_base64="rbvyWEEw2OuC23w4BWMCCVmos70="></latexit>sup
λ≥0

<latexit sha1_base64="La4v+mtDJkqxpgeXNBlntcvoduk="></latexit>PI
i=1 λifi(x)

<latexit sha1_base64="bf0RCsrkrb34RkKpHfgyYQPhJAU="></latexit>

0>x

Werner Fenchel

<latexit sha1_base64="ldM7Hjrv6RftmcgjYUPINhk6pxs="></latexit>

+
<latexit sha1_base64="ldM7Hjrv6RftmcgjYUPINhk6pxs="></latexit>

+



Dual Problem

Werner Fenchel

<latexit sha1_base64="La4v+mtDJkqxpgeXNBlntcvoduk="></latexit>PI
i=1 λifi(x)

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="6656gFc5Cp12ChKJtxjzWVGYNoA="></latexit>sup
x

<latexit sha1_base64="bf0RCsrkrb34RkKpHfgyYQPhJAU="></latexit>

0>x<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−
<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−
<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−

<latexit sha1_base64="rbvyWEEw2OuC23w4BWMCCVmos70="></latexit>sup
λ≥0



Dual Problem

Werner Fenchel

<latexit sha1_base64="La4v+mtDJkqxpgeXNBlntcvoduk="></latexit>PI
i=1 λifi(x)

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="6656gFc5Cp12ChKJtxjzWVGYNoA="></latexit>sup
x

<latexit sha1_base64="bf0RCsrkrb34RkKpHfgyYQPhJAU="></latexit>

0>x<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−
<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−
<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−

<latexit sha1_base64="rbvyWEEw2OuC23w4BWMCCVmos70="></latexit>sup
λ≥0

conjugate of Lagrangian



Dual Problem

Werner Fenchel

<latexit sha1_base64="La4v+mtDJkqxpgeXNBlntcvoduk="></latexit>PI
i=1 λifi(x)

<latexit sha1_base64="nkZLb3QGQppnaz3gEDlCVS7D4j0="></latexit>

f0(x)
<latexit sha1_base64="6656gFc5Cp12ChKJtxjzWVGYNoA="></latexit>sup
x

<latexit sha1_base64="bf0RCsrkrb34RkKpHfgyYQPhJAU="></latexit>

0>x<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−
<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−
<latexit sha1_base64="VhdQGMq0RfLRgdh7XfUVyKh6lEg="></latexit>

−

<latexit sha1_base64="rbvyWEEw2OuC23w4BWMCCVmos70="></latexit>sup
λ≥0

<latexit sha1_base64="xEvR264ftZLTjT0NMLzDB5yWrB0="></latexit>

= inf-convolution of f∗0 and (λifi)∗, i = 1, . . . , I



Dual Problem

Werner Fenchel

<latexit sha1_base64="PRUqd/LIbAP0rXClIgSdrhPeKzQ="></latexit>

λif∗i (wi/λi)

<latexit sha1_base64="jEmjs9xIin8eDG/0StNT7Dt7UlQ="></latexit>wi

<latexit sha1_base64="MaePaorK8J3TYy/dvuGsPmsNe0A="></latexit>

λi<latexit sha1_base64="zGkbciLd9SNoxtI+x8+ZNEsmkIE="></latexit>

0 1
<latexit sha1_base64="09ExtS8xEemV4oZxnuWhVATcyQY="></latexit>

<latexit sha1_base64="eWWP8JMWmP9qGZ79EmDkbRwrtpw="></latexit>

f∗i (wi)

<latexit sha1_base64="WKfBzOYqiZ8n1roeS8/dvbM8B6I="></latexit>

sup
w,λ≥0

−f∗0 (w0)−
PI

i=1 λif
∗
i (wi/λi)

s.t.
PI

i=0 wi = 0



Dual Problem

(D)

<latexit sha1_base64="WKfBzOYqiZ8n1roeS8/dvbM8B6I="></latexit>

sup
w,λ≥0

−f∗0 (w0)−
PI

i=1 λif
∗
i (wi/λi)

s.t.
PI

i=0 wi = 0



Strong Duality

(D)

<latexit sha1_base64="WKfBzOYqiZ8n1roeS8/dvbM8B6I="></latexit>

sup
w,λ≥0

−f∗0 (w0)−
PI

i=1 λif
∗
i (wi/λi)

s.t.
PI

i=0 wi = 0

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ



Strong Duality

(D)

<latexit sha1_base64="WKfBzOYqiZ8n1roeS8/dvbM8B6I="></latexit>

sup
w,λ≥0

−f∗0 (w0)−
PI

i=1 λif
∗
i (wi/λi)

s.t.
PI

i=0 wi = 0

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="/nY7kY6C17IE6D0Wt31ugYZeC+k="></latexit>

inf(P)
<latexit sha1_base64="qWhI6nzXnqAMQlW3S+yFVGHcXOA="></latexit>

sup(D)



Strong Duality

(D)

<latexit sha1_base64="WKfBzOYqiZ8n1roeS8/dvbM8B6I="></latexit>

sup
w,λ≥0

−f∗0 (w0)−
PI

i=1 λif
∗
i (wi/λi)

s.t.
PI

i=0 wi = 0

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞
<latexit sha1_base64="28RLU/61HfuFVXM/L37Tir+Z57k="></latexit>

−∞

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

∞
<latexit sha1_base64="r229RspSke9RjHFnt+WpvJ6Vems="></latexit>

<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="/nY7kY6C17IE6D0Wt31ugYZeC+k="></latexit>

inf(P)
<latexit sha1_base64="qWhI6nzXnqAMQlW3S+yFVGHcXOA="></latexit>

sup(D)

if feasible set of (P) or (D) is bounded or has Slater point



Robust Convex Optimization



Optimization under Uncertainty

Pliny the Elder

The only 
certainty is that 

nothing is certain.



Optimization under Uncertainty

Pliny the Elder

The only 
certainty is that 

nothing is certain.

<latexit sha1_base64="tn8rRRSDeBl1N/u0k3ueZsDMPdE="></latexit>

Real decision problems depend on uncertain parameters z.



Scenario Problems

<latexit sha1_base64="4/iD68UJM3jdNaWbha3Oyy3J1ZM="></latexit>

Fix any uncertainty realization z = (z0, . . . , zI).



Scenario Problems

<latexit sha1_base64="4/iD68UJM3jdNaWbha3Oyy3J1ZM="></latexit>

Fix any uncertainty realization z = (z0, . . . , zI).

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I
<latexit sha1_base64="9ScpDlMRjYiB9JKhE/U/0yBdNkw="></latexit>

(P(z))



Scenario Problems

<latexit sha1_base64="4/iD68UJM3jdNaWbha3Oyy3J1ZM="></latexit>

Fix any uncertainty realization z = (z0, . . . , zI).

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I
<latexit sha1_base64="9ScpDlMRjYiB9JKhE/U/0yBdNkw="></latexit>

(P(z))

<latexit sha1_base64="z5Lt0Sxay7KrtBK1bI+wRd5fmYI="></latexit>

pcc in x



Scenario Problems

<latexit sha1_base64="4/iD68UJM3jdNaWbha3Oyy3J1ZM="></latexit>

Fix any uncertainty realization z = (z0, . . . , zI).

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I
<latexit sha1_base64="9ScpDlMRjYiB9JKhE/U/0yBdNkw="></latexit>

(P(z))

<latexit sha1_base64="i510+t3yjWa52P+K6/sN1XD9Rwg="></latexit>

sup
w,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t.
PI

i=0 wi = 0

<latexit sha1_base64="9YB9L2uhz5YjHz0dV4veIIGp8/4="></latexit>

(D(z))



Scenario Problems

<latexit sha1_base64="4/iD68UJM3jdNaWbha3Oyy3J1ZM="></latexit>

Fix any uncertainty realization z = (z0, . . . , zI).

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I
<latexit sha1_base64="9ScpDlMRjYiB9JKhE/U/0yBdNkw="></latexit>

(P(z))

<latexit sha1_base64="i510+t3yjWa52P+K6/sN1XD9Rwg="></latexit>

sup
w,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t.
PI

i=0 wi = 0

<latexit sha1_base64="9YB9L2uhz5YjHz0dV4veIIGp8/4="></latexit>

(D(z))

<latexit sha1_base64="XN4/RtyoAuJ27rb/l3lq6cgY4Uk="></latexit>

conjugates w.r.t. x



Scenario Problems

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="uurNDPbbwwmKBraUjd0yjdS03DY="></latexit>

P(z(1))



Scenario Problems

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="XQLP3Bz0XlfWV18wDzfmpVtBjkU="></latexit>

D(z(1))
<latexit sha1_base64="uurNDPbbwwmKBraUjd0yjdS03DY="></latexit>

P(z(1))



Scenario Problems

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="XQLP3Bz0XlfWV18wDzfmpVtBjkU="></latexit>

D(z(1))
<latexit sha1_base64="uurNDPbbwwmKBraUjd0yjdS03DY="></latexit>

P(z(1))

<latexit sha1_base64="oi+dj44jFkMxGhatYRZooa+0Kn8="></latexit>

inf P(z(1)) = sup D(z(1))



Scenario Problems

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="rT/opSy3MwMupUqosp10yKShY34="></latexit>

P(z(2))
<latexit sha1_base64="tMJeK0wMfMQF20LRTgEL9RqRzw0="></latexit>

D(z(2))

<latexit sha1_base64="hf0rDNmoujC1HUphEExiAjtJeG4="></latexit>

inf P(z(2)) = sup D(z(2))



Scenario Problems

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="hKcAsxo6OGtMiyys9oebacetYtA="></latexit>

P(z(3))
<latexit sha1_base64="WhxGYKhNKFgSR7y/7L0JMTkzuYI="></latexit>

D(z(3))

<latexit sha1_base64="g1KEttvT9dII1LJY/XJwbm/Hvq4="></latexit>

inf P(z(3)) = sup D(z(3))



<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="vsFgQurfP4dY5oFmG6sPcr4Sz+o="></latexit>

P(z)
<latexit sha1_base64="NYWhE3V4LWuD1loly2A6JX8vG8k="></latexit>

D(z)

<latexit sha1_base64="zlKBbznjuIrUDar2wWiLcxoYuSk="></latexit>

sup
z∈Z

inf P(z)
<latexit sha1_base64="WkgvSoYW7AnCynCenqZB1xGR/co="></latexit>

sup
z∈Z

sup D(z)<latexit sha1_base64="b2upGos8QBdoUNCYQR6kxWdWntE="></latexit>

=

Duality of Robust Optimization



<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="vsFgQurfP4dY5oFmG6sPcr4Sz+o="></latexit>

P(z)
<latexit sha1_base64="NYWhE3V4LWuD1loly2A6JX8vG8k="></latexit>

D(z)

Primal Worst

<latexit sha1_base64="oF9CNoh6IsM7kWMoJZ+RB5/esoA="></latexit>sup
z∈Z

<latexit sha1_base64="zlKBbznjuIrUDar2wWiLcxoYuSk="></latexit>

sup
z∈Z

inf P(z)

<latexit sha1_base64="ElUD2XPCnuFsDMss5iNvHT3WCbA="></latexit>

(

inf
x

f0 x z0
s.t. fi x zi 0 i 1 I

<latexit sha1_base64="b2upGos8QBdoUNCYQR6kxWdWntE="></latexit>

=

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I



<latexit sha1_base64="vPg8WjQUUeHTOs4rsZ8aqYhkb60="></latexit>







inf
x

sup
z0

f0 x z0

s.t. sup
zi

fi x zi 0 i 1 I

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="vsFgQurfP4dY5oFmG6sPcr4Sz+o="></latexit>

P(z)
<latexit sha1_base64="NYWhE3V4LWuD1loly2A6JX8vG8k="></latexit>

D(z)

Primal Worst

<latexit sha1_base64="zlKBbznjuIrUDar2wWiLcxoYuSk="></latexit>

sup
z∈Z

inf P(z)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

<latexit sha1_base64="Z8uDQWQAFV/hiT/qTMSMd7tpbV4="></latexit>

≤



<latexit sha1_base64="vPg8WjQUUeHTOs4rsZ8aqYhkb60="></latexit>







inf
x

sup
z0

f0 x z0

s.t. sup
zi

fi x zi 0 i 1 I

x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

Primal Worst

<latexit sha1_base64="zlKBbznjuIrUDar2wWiLcxoYuSk="></latexit>

sup
z∈Z

inf P(z)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

<latexit sha1_base64="Z8uDQWQAFV/hiT/qTMSMd7tpbV4="></latexit>

≤

duality gap



(P-W)

Primal Worst

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z



(P-W)

Primal Worst

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

x-player
<latexit sha1_base64="dGSLjhdj1jI14T89p6p7XAvOxmw="></latexit>

z-player
<latexit sha1_base64="zkqqH2punAvt/RONU6fQsW4xoFo="></latexit>

fi(x, zi)
<latexit sha1_base64="oIqPNJWOHD5TPvK6kzE5fnJvIgE="></latexit>



Duality of Robust Optimization

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="nE0uQd9gR0x6F06eWT4YqHwdnUo="></latexit>

w, λ

<latexit sha1_base64="vsFgQurfP4dY5oFmG6sPcr4Sz+o="></latexit>

P(z)
<latexit sha1_base64="NYWhE3V4LWuD1loly2A6JX8vG8k="></latexit>

D(z)

<latexit sha1_base64="zlKBbznjuIrUDar2wWiLcxoYuSk="></latexit>

sup
z∈Z

inf P(z)
<latexit sha1_base64="WkgvSoYW7AnCynCenqZB1xGR/co="></latexit>

sup
z∈Z

sup D(z)<latexit sha1_base64="b2upGos8QBdoUNCYQR6kxWdWntE="></latexit>

=



Dual Best

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0x
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

<latexit sha1_base64="vsFgQurfP4dY5oFmG6sPcr4Sz+o="></latexit>

P(z)

<latexit sha1_base64="WkgvSoYW7AnCynCenqZB1xGR/co="></latexit>

sup
z∈Z

sup D(z)

<latexit sha1_base64="Ldq/2bvJGYtUrJYv4ic5FZahw4E="></latexit>

w, z, λ

<latexit sha1_base64="EWR/aiStxhNsAySC4/hrp1H0h8g="></latexit>

=

8

<

:

sup
w z λ 0

f 1
0 w0 z0

I
i 1 λif

1
i wi λi zi

s.t. I
i 0 wi 0

8

<

:

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t.
PI

i=0 wi = 0, zi ∈ Z ∀i = 0, . . . , I
<latexit sha1_base64="GxrzAufZCjzkLNHWuksKduuPvXk="></latexit>



Dual Best

(D-B)

8

<

:

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t.
PI

i=0 wi = 0, zi ∈ Z ∀i = 0, . . . , I
<latexit sha1_base64="GxrzAufZCjzkLNHWuksKduuPvXk="></latexit>



Dual Best

(D-B)

8

<

:

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t.
PI

i=0 wi = 0, zi ∈ Z ∀i = 0, . . . , I
<latexit sha1_base64="GxrzAufZCjzkLNHWuksKduuPvXk="></latexit>

z-player
<latexit sha1_base64="zkqqH2punAvt/RONU6fQsW4xoFo="></latexit>

λif∗1i (wi/λi, zi)
<latexit sha1_base64="YoiyAA4Wj3vU5yksiF1fMJCFZy8="></latexit>

(w, λ)-player
<latexit sha1_base64="GIs+Mk9pk0UA4Cl5A9HJbYWMD+Q="></latexit>



Duality of Robust Optimization

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="Ldq/2bvJGYtUrJYv4ic5FZahw4E="></latexit>

w, z, λx
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

(D-B)(P-W)



<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="Ldq/2bvJGYtUrJYv4ic5FZahw4E="></latexit>

w, z, λx
<latexit sha1_base64="+YakHSbPlDP56yc+RQ6mMmyTQGI="></latexit>

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0

(D-B)(P-W)

duality 
gap

Duality of Robust Optimization

Conditions for gap-free duality?



Convexity Assumptions

Uncertainty set:

−fi(x, zi) pcc in zi for every i
<latexit sha1_base64="rHb/f7g/kcw4WFPIYh5hm9XIufs="></latexit>

Constraint functions:

c`(z) pcc in z for every `
<latexit sha1_base64="vIqKBeTai9JqiD4Sw3RLX7WgHdM="></latexit>

fi(x, zi)
<latexit sha1_base64="oIqPNJWOHD5TPvK6kzE5fnJvIgE="></latexit>

zi
<latexit sha1_base64="0mFH9PdMRwFqXtv65VQ9Yq0yTvo="></latexit>

x
<latexit sha1_base64="dNGkqeY3gzmBvK/bWcWzSuJ0sos="></latexit>

Z = {z : c`(z) ≤ 0 ∀` = 1, . . . , L}
<latexit sha1_base64="W2fpBWoxnSOVvrZeb8qObqeOscE="></latexit>

Z
<latexit sha1_base64="yP2eb+7fjnT9Gkb8qBBhrn4qxLk="></latexit>

rc1(z)
<latexit sha1_base64="JQA5S9oI7ktIstp+pdOs2NZHM3w="></latexit>

rc2(z)
<latexit sha1_base64="6dN2TjY2IxmoLwiTH6ymSKIyhEU="></latexit>

rc3(z)
<latexit sha1_base64="NOO3EKKeM0rV6TcSuAU1fv6bx2U="></latexit>

rc4(z)
<latexit sha1_base64="Clh+ccEaT7lLH0414oiH/WpoXlc="></latexit>

rc5(z)
<latexit sha1_base64="sC9CY5nT1inxKMkZIok5EshF5RE="></latexit>

rc6(z)
<latexit sha1_base64="O2V1iz4jIyHtBpuxNfHXpYcccoo="></latexit>



Convex Reformulation of (P-W)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi x zi) ≤ 0



Convex Reformulation of (P-W)

= − inf
zi∈Z

−fi(x, zi)
<latexit sha1_base64="eJc1oJXwURIqZbwmzahJfas+yjo="></latexit>

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z



Convex Reformulation of (P-W)

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

= −

(

inf
zi

−fi(x, zi)

s.t. c`(zi) ≤ 0 ∀` = 1, . . . , L
<latexit sha1_base64="BDnNxUejKt1+aUOImb15/m3wHys="></latexit>



Convex Reformulation of (P-W)

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

= −

8

<

:

sup
y,ν≥0

−(−fi)∗2(x, yi,`)−
PL

`=1 ν i`c
∗
`
(yi`/ν i`)

s.t.
PL

`=0 yi` = 0
<latexit sha1_base64="fRY/0Dn4INi9ga5I/+UFKCO3ofw="></latexit>



Convex Reformulation of (P-W)

conjugates w.r.t. zi
<latexit sha1_base64="5e5VPusCeweH3PJDNhG0x3bKu6k="></latexit>

= −

8

<

:

sup
y,ν≥0

−(−fi)∗2(x, yi,`)−
PL

`=1 ν i`c
∗
`
(yi`/ν i`)

s.t.
PL

`=0 yi` = 0
<latexit sha1_base64="fRY/0Dn4INi9ga5I/+UFKCO3ofw="></latexit>

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z



Convex Reformulation of (P-W)

= −

8

<

:

sup
y,ν≥0

−(−fi)∗2(x, yi,`)−
PL

`=1 ν i`c
∗
`
(yi`/ν i`)

s.t.
PL

`=0 yi` = 0
<latexit sha1_base64="fRY/0Dn4INi9ga5I/+UFKCO3ofw="></latexit>

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

fi(x, zi)
<latexit sha1_base64="oIqPNJWOHD5TPvK6kzE5fnJvIgE="></latexit>

zi
<latexit sha1_base64="0mFH9PdMRwFqXtv65VQ9Yq0yTvo="></latexit>

x
<latexit sha1_base64="dNGkqeY3gzmBvK/bWcWzSuJ0sos="></latexit>

(−fi)∗2(x, yi,`)
<latexit sha1_base64="Sn/EPakqf3A5TCSzYQFmz7beWW0="></latexit>

yi,`
<latexit sha1_base64="rgOSIIsLM5rs5N73m1uH1o64OTU="></latexit>

x
<latexit sha1_base64="dNGkqeY3gzmBvK/bWcWzSuJ0sos="></latexit>



Convex Reformulation of (P-W)

<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) 0<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

=

(

inf
y,ν≥0

(−fi)∗2(x, yi,`) +
PL

`=1 ν i`c
∗
`
(yi`/ν i`)

s.t.
PL

`=0 yi` = 0
<latexit sha1_base64="wrKYyu+Qs/XsQbzsHRmlHAzvS7g="></latexit>



Convex Reformulation of (P-W)

(P-W)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z



Convex Reformulation of (P-W)

inf
x,y,ν≥0

(−f0)∗2(x, y0,`) +
PL

`=1 ν0`c
∗
`
(y0`/ν0`)

s.t. (−fi)∗2(x, yi,`) +
PL

`=1 ν i`c
∗
`
(yi`/ν i`) ≤ 0 ∀i = 1, . . . , I

PL
`=0 yi` = 0 ∀i = 1, . . . , I

<latexit sha1_base64="Ydh6p3ukvzCUH1mKAvoiVxVaJ5E="></latexit>

(P-W’)

(P-W)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z



Convex Reformulation of (P-W)

inf
x,y,ν≥0

(−f0)∗2(x, y0,`) +
PL

`=1 ν0`c
∗
`
(y0`/ν0`)

s.t. (−fi)∗2(x, yi,`) +
PL

`=1 ν i`c
∗
`
(yi`/ν i`) ≤ 0 ∀i = 1, . . . , I

PL
`=0 yi` = 0 ∀i = 1, . . . , I

<latexit sha1_base64="Ydh6p3ukvzCUH1mKAvoiVxVaJ5E="></latexit>

(P-W’)

(P-W)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

⇐
⇒

<latexit sha1_base64="vEKX1ow8bTPcCw/2c+uvS2n8H6E="></latexit>

(subject to regularity conditions)



Convex Reformulation of (P-W)

inf
x,y,ν≥0

(−f0)∗2(x, y0,`) +
PL

`=1 ν0`c
∗
`
(y0`/ν0`)

s.t. (−fi)∗2(x, yi,`) +
PL

`=1 ν i`c
∗
`
(yi`/ν i`) ≤ 0 ∀i = 1, . . . , I

PL
`=0 yi` = 0 ∀i = 1, . . . , I

<latexit sha1_base64="Ydh6p3ukvzCUH1mKAvoiVxVaJ5E="></latexit>

(P-W’)

(P-W)

<latexit sha1_base64="4lS485CKNTaaih6NM2zkIQUocgU="></latexit>

inf
x

<latexit sha1_base64="QDzWPDqgggQwPaT7wls3z2WLty4="></latexit>

f0(x, z0)
<latexit sha1_base64="kVO8yZ0LMJ2jbTt5bbWCxS/D7NU="></latexit>

s.t.
<latexit sha1_base64="4IGf7lKnLCKM/L2aIw+Qf7zyaLM="></latexit>

fi(x, zi) ≤ 0
<latexit sha1_base64="fCbkZruCxjI3samPMyY1lPrQnaA="></latexit>

∀i = 1, . . . , I

<latexit sha1_base64="UXypkM3PQvEAa/mK7K+b2yIiESw="></latexit>sup
z0∈Z

<latexit sha1_base64="vsw2UbfjIyomK4JgQqGtnJKDsXY="></latexit>sup
zi∈Z

⇐
⇒

<latexit sha1_base64="vEKX1ow8bTPcCw/2c+uvS2n8H6E="></latexit>

(subject to regularity conditions)

Ben-Tal, Nemirovski & El Ghaoui, Princeton University Press, 2009; Bertsimas & Sim, Oper. 
Res., 2004; Ben-Tal, den Hertog & Vial, Math. Program., 2015; etc.



Convex Reformulation of (D-B)

(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>



Convex Reformulation of (D-B)

wi
<latexit sha1_base64="njuoaufW+dMK5+EaxOXiiC1wLVM="></latexit>

zi
<latexit sha1_base64="0mFH9PdMRwFqXtv65VQ9Yq0yTvo="></latexit>

f∗1i (wi, zi)
<latexit sha1_base64="jyxUTPN1dt7oqj72byYFLRyO3wQ="></latexit>

fi(x, zi)
<latexit sha1_base64="oIqPNJWOHD5TPvK6kzE5fnJvIgE="></latexit>

zi
<latexit sha1_base64="0mFH9PdMRwFqXtv65VQ9Yq0yTvo="></latexit>

x
<latexit sha1_base64="dNGkqeY3gzmBvK/bWcWzSuJ0sos="></latexit>

(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>



(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>

Convex Reformulation of (D-B)

nonconvex objective!



Convex Reformulation of (D-B)

<latexit sha1_base64="x4ouR32iURRKnau8uINfoW/IyU0="></latexit>

0
<latexit sha1_base64="Ldq/2bvJGYtUrJYv4ic5FZahw4E="></latexit>

w, z, λ
nonconvex objective!

(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>



Convex Reformulation of (D-B)

(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>

variable substitution: vi ← λizi
<latexit sha1_base64="SA42MVK9I1Ja1aZlbTNsjuiWZM0="></latexit>

Gorissen et al., Oper. Res., 2014.



Convex Reformulation of (D-B)

(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>

Gorissen et al., Oper. Res., 2014.

(D-B’)

sup
w,v,λ≥0

−f∗10 (w0, v0)−
PI

i=1 λif
∗1
i (wi/λi, vi/λi)

s.t. λic`(v/λi) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="LSsljC8oOn88YdIKESnXb/Bjo0A="></latexit>



Convex Reformulation of (D-B)

(D-B)

sup
w,z,λ≥0

−f∗10 (w0, z0)−
PI

i=1 λif
∗1
i (wi/λi, zi)

s.t. c`(z) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="QGUB01El7ndq2bo/LSh4ZtNNQvY="></latexit>

⇐
⇒

<latexit sha1_base64="vEKX1ow8bTPcCw/2c+uvS2n8H6E="></latexit>

(subject to regularity conditions)

(D-B’)

sup
w,v,λ≥0

−f∗10 (w0, v0)−
PI

i=1 λif
∗1
i (wi/λi, vi/λi)

s.t. λic`(v/λi) ≤ 0 ∀i = 0, . . . , I, ∀` = 1, . . . , L
PI

i=0 wi = 0
<latexit sha1_base64="LSsljC8oOn88YdIKESnXb/Bjo0A="></latexit>

Gorissen et al., Oper. Res., 2014.



Primal Worst = Dual Best

inf (P-W)
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If (D-B) has a Slater point…

Beck & Ben-Tal, Oper. Res. Lett., 2009.


