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Idea:  

Interpret (D-UQ) as (P-W) 

interpret (FR) as (D-B)
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⌘
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PJ
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⇣

y(1)ij /βj

⌘
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⇤

`
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⌘
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`=1 y
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⇣

y(0)ik

⌘

+
PJ

j=1(βj
>hjk)⇤

⇣

y(1)ijk

⌘

+
PL

`=1(ν i`k
>c`k)⇤

⇣

y(2)i`k

⌘

≤ αk ∀i, ∀k

y(0)ik +
PJ

j=1 y
(1)
ijk +

PL
`=1 y

(2)
i`k = 0 ∀i, ∀k

βj ∈ H⇤

j , ν i`k ∈ C⇤

`k ∀i, ∀j, ∀k, ∀`
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OT-Based Uncertainty Quantification
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ẑk

<latexit sha1_base64="Ou3PbewnI2Qj8+DKxIWTITMA9fw="></latexit>

p̂k
Nominal distribution:



(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="5fvs6hsnRAC3vORUmz/GzM8ITSE="></latexit>

P̂ =

KX

k=1

p̂k δẑk
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ẑ3

<latexit sha1_base64="mWCbLPfPqYcnj3AFiRQt7RxZ21A="></latexit>

ẑ4

<latexit sha1_base64="+v33oytegtN4w55GaqO7YRFuX1I="></latexit>

Coupling Q of P and P̂ supported on ∪
K
k=1 (S × {ẑk})

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="RgnP3teh3xeE3HmnQwY8G7bmSzQ="></latexit>

= Sk

Reduction of (OT) to (P-UQg)



(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="+v33oytegtN4w55GaqO7YRFuX1I="></latexit>

Coupling Q of P and P̂ supported on ∪
K
k=1 (S × {ẑk})

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="RgnP3teh3xeE3HmnQwY8G7bmSzQ="></latexit>

= Sk<latexit sha1_base64="W9McbCPvmptJB7CqMP0bo40QQsE="></latexit>

Q [(z̃, z̃0) ∈ Sk] = p̂k ∀k

<latexit sha1_base64="bHkjKSKue+yS9WBmZBSfLGoEusA="></latexit>z
<latexit sha1_base64="Gt5PHrLf6964bnMYeJWmPN/iV0c="></latexit>

z0

Reduction of (OT) to (P-UQg)



(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="+v33oytegtN4w55GaqO7YRFuX1I="></latexit>

Coupling Q of P and P̂ supported on ∪
K
k=1 (S × {ẑk})

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="RgnP3teh3xeE3HmnQwY8G7bmSzQ="></latexit>

= Sk<latexit sha1_base64="W9McbCPvmptJB7CqMP0bo40QQsE="></latexit>

Q [(z̃, z̃0) ∈ Sk] = p̂k ∀k

<latexit sha1_base64="oUUIBeKONjCtRnpkNLiJka8Tc7Y="></latexit>

EQ [h(z̃, z̃0)] ≤ ε

Reduction of (OT) to (P-UQg)



(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="+v33oytegtN4w55GaqO7YRFuX1I="></latexit>

Coupling Q of P and P̂ supported on ∪
K
k=1 (S × {ẑk})

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="RgnP3teh3xeE3HmnQwY8G7bmSzQ="></latexit>

= Sk<latexit sha1_base64="W9McbCPvmptJB7CqMP0bo40QQsE="></latexit>

Q [(z̃, z̃0) ∈ Sk] = p̂k ∀k

<latexit sha1_base64="oUUIBeKONjCtRnpkNLiJka8Tc7Y="></latexit>

EQ [h(z̃, z̃0)] ≤ ε

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="vkYT1Q2U9z4zQP2YO3L7bglft1M="></latexit>

h(z, z0) =
⇢

d(z, z0) if z0 = ẑk for some k
+∞ otherwise

Reduction of (OT) to (P-UQg)



(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="+v33oytegtN4w55GaqO7YRFuX1I="></latexit>

Coupling Q of P and P̂ supported on ∪
K
k=1 (S × {ẑk})

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="RgnP3teh3xeE3HmnQwY8G7bmSzQ="></latexit>

= Sk<latexit sha1_base64="W9McbCPvmptJB7CqMP0bo40QQsE="></latexit>

Q [(z̃, z̃0) ∈ Sk] = p̂k ∀k

<latexit sha1_base64="oUUIBeKONjCtRnpkNLiJka8Tc7Y="></latexit>

EQ [h(z̃, z̃0)] ≤ ε

⇢

<latexit sha1_base64="Vyv8YiQ7IJiBKO2uuK4X9f9frKc="></latexit>

<latexit sha1_base64="vkYT1Q2U9z4zQP2YO3L7bglft1M="></latexit>

h(z, z0) =
⇢

d(z, z0) if z0 = ẑk for some k
+∞ otherwise

<latexit sha1_base64="X1emqHed3N0r8YDowfd+8fFuJvE="></latexit>

=⇒ Q ∈ Pg (generalized moment ambiguity set)

Reduction of (OT) to (P-UQg)



(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="SzDHui0fr/BJvfxGC+3gAy41z0c="></latexit> ⇐
⇒

(P-UQg)

Reduction of (OT) to (P-UQg)



Convex Reformulation of OT

(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="SzDHui0fr/BJvfxGC+3gAy41z0c="></latexit> ⇐
⇒

<latexit sha1_base64="5UaCG0ZdOcnVt8rah2+iTBDh48Y="></latexit>

inf
α,β≥0
y,ν≥0

PK
k=1 p̂kαk + εβ

s.t. (−gi)∗(y
(0)
ik ) + βd∗1

⇣

y(1)ik /β, ẑk
⌘

+
PL

`=1 ν i`kc
∗

`

⇣

y(2)i`k /ν i`k
⌘

≤ αk ∀i, ∀k

y(0)ik + y(1)ik +
PL

`=1 y
(2)
i`k = 0 ∀i, ∀k

<latexit sha1_base64="z71B8Gi2qd7K59cl2lDHSK8D+Po="></latexit>

(AP-W’g)

(regularity conditions)



Convex Reformulation of OT

(OT)
<latexit sha1_base64="5vopzZwYCpq3qa9YrWUk/3zauZo="></latexit>

sup
P∈Bε(P̂)

EP [g(z̃)]

<latexit sha1_base64="SzDHui0fr/BJvfxGC+3gAy41z0c="></latexit> ⇐
⇒

<latexit sha1_base64="8AC8X5fUPGM+8CCh5Us+/Bggeo0="></latexit>

(AD-B’g)

<latexit sha1_base64="CDmfoxZHEB8WI4eDCPiGM1KS8GY="></latexit>

sup
v,ω,τ,λ≥0

PK
k=1

PI
i=1 τ ik

s.t.
PI

i=1 λik = p̂k ∀k
PK

k=1
PI

i=1ωijk ≤ ε ∀j
λikc`k(vik/λik) ≤ 0 ∀i, ∀k, ∀`
λikh(vik/λik) ≤ ωijk ∀i, ∀j, ∀k
λikgik(vik/λik) ≥ τ ik ∀i, ∀k

(regularity conditions)



Conclusions



Summary

Convex Optimization 

Explicit representation of dual problem (D) using 

conjugates, perspectives and infimal convolutions 

Robust Optimization 

(P-W) convexified to (P-W’) by dualizing subproblems 

(D-B) convexified to (D-B’) by change of variables 

“Primal-worst-equals-dual-best” duality 

Distributionally Robust Optimization 

Finite restriction (FR) of (P-UQ) akin to “dual best” (AD-B) 

Dual problem (D-UQ) akin to “primal worst” (AP-W) 

Semi-infinite duality from first principles of convex analysis



Summary

Extensions 

Support as union of convex sets 

Conic support and moment constraints 

Applications 

Convex reformulations of distributionally robust problems 

with optimal-transport-based ambiguity sets, e.g., 

single-stage problems 

two-stage problems 

chance-constrained problems



The Devil is in the Details
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