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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

Fluid LP
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o, 7 2 () (€T JEF SES,; aEH,
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

Fluid LP

maximize ), )., ), D, ri(s.a) - mi(s.a)

(o) >0 aedl
.V\ GU-(S): # of patients in patient group; | ey
subject to that are in state s in weekt | '° S ©J

o1 (V=) ) pils'ls.a) - m(s.a)  Vj.Vs' €S, Vi

SES; a€H ;
2 Z Z Ctlj(Sa a) - ﬂtj(sa a) < b, VI, Vt
JES secS’j aedj
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

Fluid LP
/

maximize ), )., ), D, ri(s.a) - mi(s.a)

(0.7 0
\

sullect to

. L, Vs'e &, Vt
7,{(Ss, a): # of patients from o,(s) 4
that receive action a
/1, V't
JES SES; a€;
Z lej(s, a) = atj(s) Vi,Vse & Pz

K aeﬂj

)
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

(ot )

K aeﬂj

maximize objective function:
o,m 2> 0 maximize rewards
subjectto  o,,(s) = n, - g{(s) Vj, Vs €S,
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

maximize
o, 7> 0

subject to | oy,(s) = n; - g{(s) Vj, Vs €S,

Fluid LP

PIDIDIPICIOREICY:

€T jEJ €S, acd, must follow g

o1 (V=) ) pils'|s.a) - my(s.a)  VjVs' €S, Vi

SES; a€H ;
2 Z Z Ctlj(Sa a) - ﬂtj(sa a) < b, VI, Vt
JES secS’j aedj
Z lej(s, a) = atj(s) Vi,Vse & Pz
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

/ Fluid LP

maximize Z Z Z Z rils, a) - (s, a) transitions:
0,72 (€T jEF SES; aE, must follow p
subject to Vj, Vs €S,
Vj, Vs e S, Vi
VI, Vt
JES SES; a€;
Z lej(s, a) = atj(s) Vi,Vse & Pz
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

maximize
o, 7> 0

subject to

Fluid LP

Z Z Z Z rils, a) - mi(s,a) resources:
€T j&J s€S; aed, budgets must be kept

01]'(5) = 1; - Q'j(S)
0r11,/(5) = 2 Zp (s'| 5.a) - my(s, @)

Vj, Vs €

Vj, Vs e S, Vi
VI, Vt

Vj, Vs € cS’j, Vit
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

maximize
o, 7> 0

subject to

Fluid LP

Z Z Z 2 I”jt(S, a) - ﬂtj(S,

1€ JEF sES acd

01]'(5) = 1; - Q'j(S)

jt(S, ‘ S, a) ) ﬂtj(sa Cl)

“flow preservation”:
we cannot “drop” patients

Vj, Vs €

Vj, Vs e S, Vi
VI, Vt

Vj, Vs € cS’j, Vit

J
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Fluid Approximation: Fluid LP

An optimal policy for the fluid DP can be found via the fluid LP:

= Proposition e
- ~

The fluid LP constitutes a relaxation of the

K weakly coupled counting DP. }
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Recovery of Individual DP Policies: Randomized Approach

~

@ Solve Fluid LP to obtain the solution (6™, 7).

@ At each time stage t € I, implement for each patient of
group J] € ¥ the action a € 527]- with probability

7 (s, a)

if the patient is in state s € &';.
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Recovery of Individual DP Policies: Randomized Approach

~

oPP

k jeS i=1

Theorem (Expected Case)

Let ™ be expected total reward of our randomized policy and

the expected total reward of the optimal DP policy. Then

o* > @PF

as well as, with high probabillity,

n,
Z ZJ Caf(St iy Argiiy) < bute€- Z n; Z Z Cyi(s, a) Vi, V1.

JES SE€ES;aEed;

~
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Recovery of Individual DP Policies: Randomized Approach

f Theorem (Worst Case) \

Let @* be random total reward of our randomized policy and HDP

the expected total reward of the optimal DP policy. Then,
with high probabillity,

0* > oY — ¢. Zanz Z ri (s, a)

1€g jeF SES aed;

as well as

n,
Z ZJ Cf(S1 iy Ari) < but e Z n; Z Z Cyi(s, a) Ve, VI,

\ ey i=1 jef  seSacd, J
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Recovery of Individual DP Policies: Deterministic Approach

™

@ Solve Fluid LP to obtain the solution (6™, 7).

@ At each time stage t € 7, implement for group j € ¢
each action a in each state s

th] *(s, a) |
Pr - 0,(5) many times

S.d

If the group Is in state 0; € @j, where Pr is a projection. J
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Recovery of Individual DP Policies: Deterministic Approach

—

\jej seoS’j acdd ;

Theorem (Expected Case) \

Let @* be expected total reward of our deterministic policy and oPP
the expected total reward of the optimal DP policy. Then

0* > OPF — ZZZ Zl}-t(s,a)-el

1€ JES sES acd;

as well as, with high probability, for all # and [,

Z 2 Z Ctlj(S, a) - [ﬂf((}f)]j(S, a) < bﬂ + Z (1 + €2nj) Z Z Ctlj(Sa a) - € .

JES SES; aeH ; j
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Recovery of Individual DP Policies: Deterministic Approach

ﬁ Theorem (Worst Case) \

Let 0* be random total reward of our deterministic policy and

HDP the expected total reward of the optimal DP policy. Then,

with high probability,

0* > 0% — ) D ) ) rfs.a)-(1+en)-¢

1€ JES sE€ES acd;

as well as, for all r and /,

Y YN eyls.a) - (@D, a) < byt ) (IL+em) Y Y cyls.a) €.

kjej secS’j aeﬂj JEF secS’j aeﬂj j
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Input Data

Capacity Staff-to-bed Ratio
Beds Senior Doctors Junior Doctors Nurses | Senior Doctors Junior Doctors Nurses

G&A | 102,186 10,764 8,539 43.214 15 15 5
CC 4,122 1,013 063 18,856 15 8 1
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Comparison: Years of Life Gained

Years of Life Gained by Optimized Schedule

her
(I);;:] injury, poisoning,
. external causes
|ICD14
ICD13 ]
ICD11 digestive diseases .
o respiratory
ICDO9 circulatory diseases diseases
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COVID
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Deterministic Rounding Approach:
% YLL +0.02%, G&A +0.04%, CC +0.31%

Randomization Approach:

% YLL -0.01%, G&A +0.05%, CC +1.56%

Hospital Occupancy:

Recovery Guarantees

Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan Feb Mar

Ip G&A | 100%  100%  100%  100%  100%  100%  100%  100% 100% 100% 100% 100%  100%
CC 63% 93%  100% 100% 100% 100% 100% 100% 100%  76% 91% 99%  100%

DR G&A | 100%  101%  100% 100% 100%  100%  100%  100%  100% 100%  99%  101% 100%
CC 63% 94% 99%  100% 100% 100% 100%  98% 99% 78% 93%  101% 101%

R G&A | 100% 100% 100%  100%  100%  100%  100% 100% 100% 100%  99%  100%  100%
CC 66% 95%  107% 108% 101% 104%  97% 96%  100%  76% 90%  100% 101%
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Recovery of Individual DP Policies: Randomized Approach

Proof (Expected Total Reward): * > ¢°F

0* = EEL}:JEE t@%U£PaHJO)

€T je f i=l1
| random state and action of
DP 1 in group j at time ¢

E1



Recovery of Individual DP Policies: Randomized Approach

Proof (Expected Total Reward): * > ¢°F

.
» 2 S aLn)

€T je f i=l1

222 2 2 Jt(S a) -1 [St(]l)—S N\ Clt(]l)_a]

t€g jef i=1 s€d;aed;

| summation over all
possible state-action pairs

9*

E1



Recovery of Individual DP Policies: Randomized Approach

Proof (Expected Total Reward): * > ¢°F

- 2 Z 2 Z 2 /i, @) - 1 [Et,u,i) =S A iy = “]

teg jef i=1 s€d;aed;

9*

1

Z 2 Z 2 rjt(s, a) - E 2 1 [Et,(j,i) =S A dy iy = a]

€T jeF sES; acdd -] =1

‘ move expectation
iInside

E2



Recovery of Individual DP Policies: Randomized Approach

Proof (Expected Total Reward): * > ¢°F

2 Z Z Z rjt(s, a) - E ZJ 1 [Et,(j,i) =S A d,jp = a]

1€ jeJ s€S; aed; =1

Z Z Z Z rils, @) - ;" (s, )

1€ jef s€d;aed; =
| use definition of
expectation

9*
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Recovery of Individual DP Policies: Randomized Approach

Proof (Expected Total Reward): * > ¢°F

I Y risarE | 1[5 =5 A =d]

1€ jeJ s€S; aed; =1

ZZZZ ]t(SCl) 71' (SCZ) — HLP

1€ jef s€d;aed;

use deflnltlon of I
objectlve function

9*
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Recovery of Individual DP Policies: Randomized Approach

Proof (Expected Total Reward): * > ¢°F

Z Z 2 Z '?t(s’ a) - ZJ 1 [Et,(j,i) =85 A dt,(j,i) — a]

1€ jeJ s€S; aed; =1

Z Z Z Z rjt(s’ a) - ﬂt]fP(S, a) = o-P > oPP

1€ jef s€d;aed; G
fluid LP Is relaxation I
of fluid DP

9*
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Recovery of Individual DP Policies: Randomized Approach

"
Proof (Resource Violation): » ¥ ¢, (5, a1y < bute- D m Y, D cyls.a)

jeyf i=l1 JES s€S;aed;

1
2 2 iy i)

jef i=1
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Recovery of Individual DP Policies: Randomized Approach

Proof (Resource Violation): Z Z Cui(Se iy ugiiy) < byt e Z Z Z Cyi(S, @)

JES =1 JES sES;aed;

1
Z Z Ctlj(§ 1,(J,1)? dt,(j,i))

jief i=1

z 2 2 z Ctl](S a) -1 [St(],z) =5 A at(],z) = CZ]

JES =1 s€8; aed;

‘ summation over all
possible state-action pairs

E4



Recovery of Individual DP Policies: Randomized Approach

Proof (Resource Violation): Z Z Cui(Se iy ugiiy) < byt e Z Z Z Cyi(S, @)

jey i=1 JES s€S;aed;

)
Y Y Y - 1fsgn=sAdgy=d

JES =1 s€S;aed,

PIPIPILTCO) Zl [Szm):S A azm):a]

JES S€ES aced;
| move sum
inside

ES



Recovery of Individual DP Policies: Randomized Approach

Proof (Resource Violation): Z Z Cui(Se iy ugiiy) < byt e Z Z Z Cyi(S, @)

JES =1 JES s€ES;aed;

)
Y Y Y - 1fsgn=sAdgy=d

JES =1 s€S;aed,

Z 2 Z Cyi(S, a) - Zl [St(]l) =5 A d —a]

JES S€ES aced;

IN

b +€ . - C,t; S,d
Z Z J Z Z ﬂJ( ) Hoeffding’s inequality

JES SES; acd;

(fluid LP gives expected value)

%I B E5




