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Weak formulation of PDEs

Consider a second order PDE
—Au(x) = f(x) for all x € Q,
u(x) =0 for all x € 9.

(QCRY fel?Q)
Strong — weak//variational formulation (pointwise — volume):

1. Multiply by a test function ¢ € Cg°(2),

2. Integrate, use integration by parts.
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Only first order derivatives, u and ¢ ‘are in the same space.’



Weak formulation (ctd.)

Functional setting: find u € H}(Q) such that

VveHNQ), a(uv):= / Vv-Vu :/ fv.
Q Q
There is a unique u due to coercivity of a (Lax-Milgram).

Discrete approximation: solve the same problem on a finite-dimensional
subspace V of H}(Q).

e This is called a Galerkin approximation.

e When V = V7 is associated to a mesh 7 of €, we have a finite
element method.

Example: we will now solve —Au = 1+ y? on the unit disk.



FreeFEM
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DEFINE THE MESH

border bOmega(t=0, 2*pi) {x=cos(t);y=sin(t);label=1;} //unit
disk; label is used later to set the boundary condition
int Nboundary = 20; //number of vertices on bOmega for our
mesh

mesh T = buildmesh(bOmega (Nboundary)); //our mesh

DEFINE THE TERMS OF THE VARIATIONAL FORMULATION

macro a(u,v) (dx(u)*dx(v) + dy(u)*dy(v)) //the macro is
inserted whenever we type a(.,.)

func f=1+y~2; //the right-hand side function of our problem

DEFINE THE GALERKIN APPROXIMATION & SOLVE

fespace V(T, P1); //piecewise affine elements on the mesh T

V u,v; //set the space for the trial function (u) and test
function (v)

solve pb(u,v)=int2d(T) (a(u,v)) - int2d(T)(f*v) + on(1l, u=0);
//the Galerkin approximation is solved for u



Multiscale diffusion problem

We seek a numerical approximation of u® solution to

—div(A*Vu®)(x) = f(x) for all x € Q,
u(x) = 0 for all x € 9.

A® varies on a very small scale




Weak formulation

Find u® € H}(Q) such that

VveHQ), a'(uf,v) = / Vv AV = / fv.
Q Q
There is a unique solution if A® is coercive.

We cannot use a standard P; method on a coarse mesh. ..



FEM with a microstructure

Example P; finite element method
V = continuous piecewise IP; functions on T
—div(A*Vu©) =500
O A -1 Approximation with 10° degrees of freedom,
@ A =230 mesh size < ¢




FEM with a microstructure

Example P; finite element method

V = continuous piecewise IP; functions on T
—div(A*Vu®) = 500

O A =1 Approximation with 441 degrees of freedom,
@ A =30 mesh size ~ ¢
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FEM with a microstructure

Example P; finite element method
V = continuous piecewise IP; functions on T
—div(A*Vu®) = 500

O A =1 Approximation with 121 degrees of freedom,
@ A =30 mesh size > ¢

kb 5
% max uf; = 9.4

o o
LN

Bl




FEM with a microstructure

Example P; finite element method
V = continuous piecewise IP; functions on T
—div(A*Vu®) = 500

O A =1 Approximation with 36 degrees of freedom,
@ A =30 mesh size > ¢
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) max uf, = 7.8
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FEM with a microstructure

Example P; finite element method
V = continuous piecewise IP; functions on T
—div(A*Vu®) = 500

O n -
. A = 30 sovale
® ® o o o Macroscopic properties are
PEPS lost if the microstructure is

® o o not resolved.
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Numerical homogenization

Heterogeneous Multiscale Method (E and EncquisT 2003), Local
Orthogonal Decomposition (MALQVIST and PETERSEIM 2014), we focus on
the Multiscale Finite Element Method (MsFEM) (Hou and Wu 1997)

1. Offline stage: resolve the mi-

crostructure locally e
Multiscale trial functions: VK € T,

—div(A°V¢E) =0  in K,
o5 = ¢i*  on K.

2. Online stage: solve a coarse

global problem
Find us- € V7 = span {¢f} s.t.
(BIEZEMANS et al. 2022)

Vvre Vi a (uf,vr) = F(vr)



Implementation of the MsFEM

We are not going to change FreeFEM's standard basis functions. . .
Link between ¢,* and ¢ on K € T

—div (AEV (gbf - u‘,»)) = div (Afv(;s{?l) - Ed: ({){‘()il’K) div (A%ey).

a=1
Define x“ € H3(K) by*
—div (A*Vx%") = div(A%e,).
Then
d

YIn principle, this problem does not even have to be solved with FreeFEM.



Effective PDE

d
Decoupling: ¢ =0, + Z Z ((')(M),”NKX;’Q
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Effective matrix Ag |, = ®] /K eg - A° (ea + VXSS )




Non-intrusive MsFEM
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Example: Implement the MsFEM in FreeFEM with

A%(x,y) = (24 cos (27y)) (1 + %cos (?)) Id>
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MsFEM with FreeFEM

o

DEFINE THE MICROSTRUCTURE

int Nmicro=8; //size of the microscale

real eps=1./Nmicro; //microscopic parameter

func nu=(2+cos (2*pi*y))*(1+0.25%cos (2*pi*x/eps)); //
diffusion coefficient

macro aeps(u,v) (nu*dx(u)*dx(v) + nuxdy(u)*dy(v)) //EOM //
volume term corresponding to the PDE

int Nresolve = 10*Nmicro; //determines the mesh size for the

discretization of the microstructure
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MsFEM with FreeFEM

OFFLINE STAGE - initiation

1 real[int,int] chiX(T.nt,Nresolve~2); chiX=0; //to store chiX
for all Ti

real[int,int] chiY(T.nt,Nresolve~2); chiY=0; //to store chiY
for all Ti

3 fespace VO(T,P0O); //piecewise constant elements;

4 VO AbarXX, AbarYX, AbarXY, AbarYY; //coefficients of the
effective diffusion matrix

5 macro aeff(u,v) (dx(v)*AbarXX*dx(u) + dy(v)*AbarYX*dx(u) +
dx (v)*AbarXY*dy(u) + dy(v)+*AbarYY*dy(u) ) // EOM //
volume term corresponding to the effective PDE

6 for (int i=0; i<T.nt; i++) {//loop over all triangles of T (
their number is T.nt)

N
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MsFEM with FreeFEM

OFFLINE STAGE - build the local mesh

real x0=T[i][0].x,
coordinates of the
real x1=T[i][1].x,
real x2=T[i][2].x,

yo=T[i]l[0].y; //save vertex
ith element of T
y1=T[il[1].y;

y2=T[i][2].y;

border TO(t=0,1) {x=x0*(1-t)+xl*t; y=yO*(1l-t)+ylxt;

label=1;}

border T1(t=0,1) {x=x1*(1-t)+x2*t; y=yl*(1l-t)+y2*t;

label=1;}

border T2(t=0,1) {x=x2*%(1-t)+x0*t; y=y2*(1-t)+yO0*t;

label=1;}

mesh Ti = buildmesh(TO(Nresolve) + T1(Nresolve) + T2(

Nresolve));
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MsFEM with FreeFEM

OFFLINE STAGE - local discrete problem

1 fespace Vi(Ti,P1); //P1 space on the fine scale mesh for
the ith element of T
2 Vi uloc, vloc, uH, chiXi, chiYi; //solution and test

functions in the space Vi
3 Vi uHx=x , uHy=y; //functions to define the right-hand
side of the variational formulation
4 problem corrector (uloc,vloc) = int2d(Ti) (aeps(uloc,vloc)
) - int2d(Ti) (aeps (uH,vloc)) + on(1l, uloc=0);
uH=uHx; corrector; chiXi[l=ulocl[]; chiX(i,:)=chiXil];

o

6 uH=uHy; corrector; chiYi[l=uloc[]; chiY(i,:)=chiYil[];
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MsFEM with FreeFEM

OFFLINE STAGE - compute the effective matrix

Vi phiX, phiY;
phiX [J=uHx [J+chiXi[];
phiY [J=uHy [1+chiYi [];

AbarXX[J[il=int2d (Ti) (aeps (phiX,uHx))/Ti.
AbarYX[J[il=int2d (Ti) (aeps (phiX,uHy))/Ti.

AbarXY[J[i]l=int2d (Ti) (aeps (phiY,uHx))/Ti

— 1
Effective matrix: Aﬂ:a’K = W/ eg - A° (ea + VX
K

ONLINE STAGE

measure;

measure;

.measure ;

AbarYY[J[il=int2d (Ti) (aeps (phiY,uHy))/Ti.

measure;

")

fespace V(T, P1); //piecewise affine elements on the mesh T

V u,v; //set the space for the trial function (u) and test

function (v)

solve pb(u,v)=int2d(T) (aeff(u,v)) - int2d(T) (f*v) + on(l, u=

0); //the Galerkin approximation is solved for u
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MsFEM with FreeFEM
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RECONSTRUCTION AT THE MICROSCALE

VO xb=x, yb=y; //interpolation of the coordinate functions
at the centroids of the mesh elements
VO uPO=u; //interpolation of the global finite element
solution at the centroids of the mesh elements
VO udxPO=dx(u), udyPO=dy(u); //interpolation of the gradient
of u at the centroids of the mesh elements
for (int i=0; i<T.nt; i++) {//loop over all triangles of T
// ...construction of Ti for the ith element of T...
fespace Vi(Ti,P1);
Vi umicro;
Vi phiX=x-xb[]1[i]l, phiY=y-yb[1[il;
phiX []+=chiX(i,0:Vi.ndof-1); //last index is included in
this syntax
phiY [J+=chiY(i,0:Vi.ndof-1);
umicro [J=uPO[][i];
umicro [1+=udxPO[][il*phiX [];
umicro [J+=udyPO [J[i]l*phiY [];
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