Colloquium du CERMICS

@, INSTITUT
& aj’Oﬁ POLYTECHNIQUE

“4V: DE PARIS
PONTS ‘

CHAUSSEES

Quantum Wasserstein and Observability

Francois Golse

Ecole polytechnique

20 novembre 2024



Quantum Wasserstein and Observability

Francois Golse

Ecole polytechnique, CMLS

CERMICS ENPC
November 20th 2024

In collaboration with T. Paul, M3AS 32 (2022) 941-963

F. Golse Wasserstein and Observability 1/23



Quantum Dynamics

eSchrédinger’s equation
Mo (t,x) = (—3H°Ax + V(x)) ¥(t,x),  xe€R?

quantum Hamiltonian H

for the unknown wave function ¢ = 1(t, x) € Cs.t. ||(t, )|z =1
evon Neumann equation

iho:R(t) = [H, R(t)]

Unknown operator R(t)=R(t)*>0 on L?(RY) s.t. tr;2(R(t))=1

The potential V is a real-valued function s.t. H has a self-adjoint
extension to $ = L2(RY), so that U(t) := e~t"/" is a unitary group
on $) by Stone’s theorem, and

o(t-) = U)(0,-),  R(t) = U(t)R(O)U(2)"
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Observing Solutions of a PDE: an Example

Let U C C be a domain, and let @ # Q C U be open.
Let O be the Cauchy-Riemann operator and let f € D'(U) satisfy

f =0
Then (by analytic continuation)
flg=0 = f=0o0nU
Pbm Existence of a constant C[Q2, U] > 0 such that

Of =0on U = sup |f(z)| < C[Q, U] sup |f(2)]?
zeU zeQ
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Observation Inequality

A class K of quantum states at t = 0 is “observable” in Q ¢ R
open for a time T > 0 if there exists Cogs > 0 such that

Schrédinger’s dynamics
-
1= 900,15 < Coss [ [ [0(t.x)Pesct
0

for initial data (orthogonal projection on Ct(0,-) ) in K

von Neumann dynamics
-
1 = trg(R(0)) < COBS/ trs(LaR(t))dt
0

for all initial data R(0) in K
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J.L. Lions HUM for Schrodinger

Self-adjoint Hamiltonian H = —3A, + V(x) = H*
Control problem

{iatabz Ho + 10, 7yxwf
¢|t:T =0

Observability problem

i0p) = Hp
{w’t—o ="
Control operator
C: L2((0, T) xw) > f = —ig|,_, € L*(RY)

Observation operator

O: [2(RY) 3¢ Y] (0.7)xw € L2((0, T) x w)
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For each 1" € L2(Q) and each f € L2((0, T) x w), one has

T T
| [ ormenexade= [ | FEx) i - Ho)(ex)de
0 w 0 R4
T JR— PR
= [ [ @ives ~ Fie)e.)dwet
0 Rd

T JR— JR—
= [ [ @0+ siai)(e.x)ase
0 R4

el

= [ ¢inCf(x)dx
R4

Conclusion
(1) It holds O = C* so that ran(C) = ker(O)*
(2) The existence of Cogs > 0 implies that ran(C) = ker(O)*
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Bardos-Lebeau-Rauch Geometric Condition

Let (X,Z)(t; x, &) € R?? be the flow of the classical Hamiltonian

H(x,€) = 3¢ + V()
In other words, (X, Z)(t; x, &) is the solution at time t of
(X,3)] e = (x.6)

Geometric condition for a triple (K, Q, T) with K € R?? compact,
Q c R open and T > 0:

for each (x, &) € K there exists t € (0, T)

GC
(ec) such that X(t; x,¢£) € Q
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[[lustration for the Geometric Condition

K D (U2;K) D (1K)

e

oXxR

o

Figure: The geometric condition in space dimension d = 1, with V = 0.

The classical free flow is ®(t; x, &) := (X(t; x,£), =(t; x,£))=(x + t&, &).
The picture represents the image of the closed phase-space rectangle K

by the map (x,&) — ®(t;x, &) at time t = 1 and t = 1. The interval Q

satisfies the geometric condition with T = 1, at variance with w. Indeed,
phase-space points on the bottom side of K stay out of the strip w x R

for all t € [0,1].
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Classical to Quantum Couplings [FG-TP ARMA 2017]

Coupling of f € P2¢(R?“) (probability density on R>?) with a den-
sity operator R€ D(9) :={0< T =T" e L(H) s.t. tra(T) =1}

R%9 5 (x,6) = Q(x,8) = Q(x,6)* € L(H) st. Q(x,€) >0 ae.
s.it. tra(Q(x,&)) = f(x,€) a.e., and //de Q(x,&)dxd¢ = R

Set of couplings of f and R denoted C(f, R); one has C(f,R) # @
since

(x,8) = Q(x,&) = f(x,£)R  belongs to C(f, R)
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Classical-Quantum Wasserstein [FG-TP ARMA 2017]

Classical to Quantum Transport Cost a (differential) operator
parametrized by the classical phase-space variables

i (x,€) = an(x, &, y, Dy) i= N|x—y >+ |E+ihV, |2

Shifted harmonic oscillator; in particular (by Heisenberg's uncertainty
inequality)
' (x,€) > Adh I

Metric if RED,(H):={T €D(H) s.t. trs(Tz(|x2—A)T2) <00}
while f €P2¢(R2d):={¢ € P*(R2) s.t. (|x]>+|¢)2)pe L1(R)}

a(f,R?2 = inf // tra(Q(x, €)2 ¢l (x, €)Q(x, £)2 )dxd&
R2d

QeC(f,R)
>\dh
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Propagation of 0,

Thm [F.G.-T. Paul (ARMA2017)] Assume V € C11(R?) such that
H = —2h2A, + V(x) has a self-adjoint extension to $, and let
U(t) == et/ while &(t; x,€) = (X, Z)(t; x, ) is the flow of the
classical Hamiltonian H(x,§) := 3[¢2 + V/(x). Then

(Mo d(t,-,-), U(t)RTU(t)*) < o\(F, R™M)etlH

with

L (a2
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Pair Dispersion Estimate

Since

Xt_ Yt:Et_Hta Et—Ht:—(VV(Xt)—VV(Yt))

one has
LNXe = Yel? + |Ze — He)
= 20%(X; — Yi) - (2 — Hy) — 2(Z¢ — He) - (VV(Xe) — VV(Y,))
< 2N |X; — Y|[Ze — He| + 2|2 — He| [VV(Xe) — VV(Yy))|
< 2N, — Vel[Ze — Hel + 25T 2, — Hi A X, — Y
< (A + HPD) (21X = Vo2 4 2 — HeP?)
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Quantum=Classical Dynamics... on Different Objects

From the drei Manner Arbeit [Born-Heisenberg-Jordan Z. Phys. 35
(1926) 557-615, eq. (15)]

Let Q, P = position and momentum operators (assuming d = 1)
(QU)(x) = xt(x),  (PE)(x)i= —il/(x),  x€R
and let U(t) := e "/ where
H=—In?0;+ V(x)=H"

Set
Q(t) := U(t)QU(t)", P(t) := U(t)PU(t)"

Then
GQ) =P(t),  GP(t)=-V'(Q(t))

Replace (Y, Ht) with (Q(t), P(t)) in the pair dispersion inequality.
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(1) Pick @ € C(f", R'M), set Q(t; x,&) = U(t)Q™(d(t,x,&))U(t)*;
0:Q+ {31€° + V(x); @} + 1 [-31°A+ V;Q] =0
Then

ou(f(t, //R2dtr,~j (t,x,¢)

(2) Moreover

M\H

)2 6 (x, €)Q(t, x, ) )dxdé
4 [ Qe 9 ebix (e x ) s
< / / tro(Q(t x, ) {LIE2 + V(x): 6 (x. £)} Q(t, x, €)% )dxde
[ s (Qex 4[58+ Vichx O] Qe x.0)F) aee
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(3) With the notation a VvV b := ab + ba, elementary computations
show that one has

GO+ | [ 58 Q6]
= ME+ihV,) VA (x — y) < A (x,€)

and

(VO G ) + £ [ Vi (x.€)]

= B (& 4 ihVy) V ey (VV(X) = VV(y))

< =G (x.6)

by using the elementary inequality

B*_B} —> AVB=AB+BA<A*+ B’

F. Golse

Wasserstein and Observability 15/23



(4) Hence

d . 1
dt//de trg(Q(t, x, )2 ¢ (x, ) Q(t, x, £)2 ) dxd&
< (A M) //de trg(Q(t, x, £)

which implies the announced inequality.

NI=
N=

(%, €)Q(t, x,€)2 ) dxd¢
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BLR Observability Constant

Lemma
For (K,Q, T) with K € R2? compact, Q@ C RY open and T >0

)
(6GC) — C[K,Q,T]:= inf / 1a(X(t:x, €))dt > 0
(x8)eK Jo

Proof Since Q is open, 1q is I.s.c. By the (GC), for each x, & € RY,
there exists t, ¢ € (0, T) and 7, ¢ > 0 such that, for all (x,£) € K

[t —teel <nee = 1la(X(t;x,6)) =1

-
— / 1o(X(t; x,&))dt > 21 e >0
0

By Fatou's lemma, the positive function (x, £) — fOT 1a(X(t; x,&))dt
is I.s.c. on K compact, and therefore attains its minimum on K.
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Application to Observability

Thm Let V € CH(RY) and (K, Q, T) satisfying (GC). Then, for
all R € Dy($) and all § > 0, denoting Qs = Q+ B(0, §), one has

T
/ trs (Lo, U(E)R™U(£)")dt = CK,Q, T]
geometric

1 1 l-l— A He(VV) Llp(VV) 1 ) )
Zin 7exp(21 ( —2 )) inf D,\(fm, Rm)
5 A>0 A 5()\-&- in( )> supp(fin)CK

Vv
semiclassical correction
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Example 1: Toeplitz Initial Data

Assume that R is of the form

R | 19.0)a.pluldadp). e Pa(R¥)

where |q, p)(x) := (Wh)7d/4e*‘X*q‘2/2heip-x/h

In that case (see [FG-T. Paul, ARMA2017] Thm. 2.4)

Adh < 0,(F ™, R™M)?2 < max(1, \2)Wa(f™, 1i'™)? + \dh

so that

supp(p) C K = inf  0\(F" R™ =V Adh
supp(f")CK
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Example 2: Pure State

Assume that R(t) = |U(t)™)(U(t)y™|, where U(t) = e /" is
the Schrédinger group.

Choosing f"(q, p) = % = Husimi transform of 1)/ leads to

1 - . [y"]
= ClK,Q, T )2 2992, _D[T, Lip(VV
oo = UK. T] [ LtauplomP 3o, DT, Lip(T V)]
where
(1+0)T/2 _
D[T, L] :=4° !

1+1L
TP = X — [ x|y 2
+ (W] = B ALJY™) =[] = iV [
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Call £(t,-,-) := £ 0 &(t;-,) and R(t) = U(t)R"U(2)". For al
Q(t) € C(f(t,-,-), R(t)), one has

tr (X R(t // f(t,x,& dxdg‘
- ’// tr ((x(x) — x(v)) Q(t, x, §) dxd§

3 1
<//dtrf3 QF (N |x—y|*+[¢ + iV, [?) f)dxdg>
R2

NI=

so that
tro (XR(t / / F(t.x,€ dxdf' < B0, ((t, -, ), R(t))
< L|p(x) (fm R’”)exp( <)\_|_ LIp(V\/)>>

A
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Since

//de F(¢, x, €)dxd¢ = // X(t: . €))F(x. )

one has

T T .
/0 tro(xR(t))dt > (X’|§n)f€K/ X(X(t;x,ﬁ))dt//K f(x,&)dxd§

Lin(x) exp( ()\+ LIP(VV))) 1
A %<A+ L|p(VV))

D)\(fin, Rin)

Conclude by choosing x(x) := <1 — M)Jr, so that Lip(y) = %

O
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Wasserstein and Observability 22/23



Conclusions/Perspectives

e\We have proved an observation inequality for the quantum dynamics
under the only assumption that V is regular enough for the existence
and uniqueness of the classical dynamics (C%! potential)

eThe observation constant is explicit in terms of the geometric data
of the Bardos-Lebeau-Rauch controllability condition

eApproach based on a quantum analogue of the Wasserstein distance
to measure the difference between a classical and a quantum density

Possible extensions

eObtaining a controllability statement (by duality as in HUM)
eIncluding magnetic fields (I. Ben Porath’'s PhD thesis)
eOther dispersive dynamics? Klein-Gordon?
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