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Problem setting

We consider linear dynamics with a perturbation term

z(t) = f(z(t)) + Br(t), te(0,T), )
z(0)=zo+CE X,

where
o X = R% is the state space ;
e f:X — X is the dynamic ;
o U C RP is the control space ;
e B e L(U,X) is a linear operator ;
e v:(0,T) — U is the perturbation.
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We assume that the solution to (1) is only accessible through a noisy obser-
vation

y(t) = h(z(®)) +n(t), te(0,T), 2)
with h : X — ) the observation function, and n € L*((0,T);)).
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Problem setting

We assume that the solution to (1) is only accessible through a noisy obser-
vation

y(t) = h(z(t)) +n(t), te€(0,T), (2)
with h : X — Y the observation function, and 1 € L*((0,T); ).

Assumptions
We will assume that &/ = X and B = Id is the identity and further:
o f e CHA;X) with Vf bounded and f sub-linear

If(@)llx < CA+[lz]lx), VzeX;
e h € C*(X;Y) with Vh bounded and h sub-linear

[h(2)lly < C(A + [lzflx), Ve X.
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Well-posedness

We denote
VT = LQ((07T)7X)7

the set of admissible controls, then we have

Proposition

For all (¢,v) € X x Vg, there exists a unique solution z|¢,, € H'((0,T); X)
to (1) with the property that there exists a constant C' € Ry such that for
all (¢',v') € X x Vr,

l2le. = zler ol o,y < CUIC = ¢l + v =2/ llvy)

proof : standard fixed point argument a la Cauchy-Lipschitz.
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The Optimal Estimation problem

The problem is as follows:

Consider a real trajectory & = z|¢ , that is unknown but accessible through
observations (y(t))o<t<r. We wish to compute the best possible estimation
of the state as a function (&(¢))o<i<7.

Which criterium for optimality ?
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For 0 <t < T, consider the quadratic criterium

T(C) = 517 + 5 [ [105) = S + () = hla(e) 3] ds

defined on X x H'((0,T); X). Now, we can replace & — f(z) by v assuming
that z satisfies (1).
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A quadratic criterium

For 0 <t < T, consider the quadratic criterium

H(Cw) = G174+ 5 [ 115) = P + () = hla(s)13] ds

defined on X x H'((0,T); X). Now, we can replace & — f(z) by v assuming
that z satisfies (1).

We define accordingly

Quadratic criterium

1% + ly(s) — h(z|c,v(s))]13] ds
®3)

FCw) 1= FGalen) = 3145 [ e

for (¢,v) € X X Vy.
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The optimization problem

Proposition

There exists a unique minimizer for the functional /t(-, Jon X X V.

proof : weak compactness, injection H'((0,t); X) — C9([0,t]; X) and strict con-

vexity.
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The optimization problem

Proposition

|

There exists a unique minimizer for the functional /t(-, Jon X X V.

proof : weak compactness, injection H'((0,t); X) — C9([0,t]; X) and strict con-

vexity.
For a given fixed x € X consider the constrained optimization problem

mm ft(C7 )a

(C,v)EX XV (4)
st. xle(t) ==
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The optimization problem

Proposition

|

There exists a unique minimizer for the functional /t(-, Jon X X V.

proof : weak compactness, injection H'((0,t); X) — C9([0,t]; X) and strict con-
vexity.

For a given fixed x € X consider the constrained optimization problem

min (C? )’
Vi) = | AR ()
st. xle(t) ==

We define the value function as the solution.

8/33



Problem setting

The Mortensen observer
A discretization scheme
Numerical illustrations
References

The HJB equation

One shows with a dynamic programming principle that the value function
is (a viscosity) solution to the Hamilton-Jacobi-Bellman equation set on
(0, T) x X
1 1
OV (t,2) + 5 (f(t,2), VV (L, 2)x + SIIVV (L 2)l[% = ly(t) — h(t,2)]l3 =0,

1
V(0,z) = 5“:0 — mon\g.
(HJB)
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Definition of the Mortensen observer

Definition (Luenberger 1964)

Assume that T' = +oco. We say that a time function z: (0,7) — X is a
(non-linear) observer of the dynamics if

|z(t) — &(t)||lx — 0, as t — +oc.
Under our assumptions, the value function is solution to (HJB) and it re-
mains strictly convez for all time ¢ € (0,7T), hence we define

Z(t) == argeriin V(t, ). (5)
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Definition of the Mortensen observer

Definition (Luenberger 1964)

Assume that T' = +oco. We say that a time function z: (0,7) — X is a
(non-linear) observer of the dynamics if

|z(t) — &(t)||lx — 0, as t — +oc.
Under our assumptions, the value function is solution to (HJB) and it re-
mains strictly convez for all time ¢ € (0,7T), hence we define

Z(t) == argeriin V(t, ). (5)

Theorem (Mortensen 1968)

(0,7) >t — &(t) is an observer for the non-linear system.
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Assume

o f:z— Az (linear dynamics);
e h:x+ Hx (linear observations).
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The Kalman filter

Assume

o f:x+— Ax (linear dynamics);

e h:x+ Huz (linear observations).
Then we have

Theorem

There exists a unique solution to the HJB equation, given by

V(t,e) = (r - &), 11(t) " (¢ — 2(t))x + % /Ot lly(s) — Ha(s)ll3 ds,  (6)

where (£,II) are given by the continuous-time Kalman-Bucy filter
equations:

{ & =Ai+1H' (y — Hz), -

II=AN+TIAT —TIH HII+1d.

proof : this ansatz is differentiable and satisfies (HJB). For unicity it requires the
strong result that there is a unique viscosity solution (Crandall and Lions 1983).

Remark : V is strictly convex, with V2V =TI~
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Discrete-time dynamics

We introduce discrete-time dynamics

Tn+1 = SDT(xn) + Vn+1, n 2 07
To=2To+(EX,

for pr : X — X and observations
Yn = h(zn).

One can apply the same procedure to define a discrete optimal estimation
problem. We set

1 1 n—1 ’ n—1
Tn= (G o) = SIS + 5= D lawsr — @r(zi)llx + 5 > llyw — hlai) 13-
2 2T 2
k=0 k=0
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Discrete-time dynamics

We introduce discrete-time dynamics

Tnt+1 = SDT(xn) + Un+1, n Z 07
To=2To+(EX,
for pr : X — X and observations
Yn = h(zn).

One can apply the same procedure to define a discrete optimal estimation
problem. We set

1 1 n—1 ’ n—1
Tn= (G o) = SIS + 5= D lawsr — @r(zi)llx + 5 > llyw — hlai) 13-
2 2T 2
k=0 k=0

One can alternatively define

‘]n+ (C7 fL’O:n) = Jn_ (CPTO”’L) + Hl/" - }1(177)H§/‘
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The splitting scheme

Discrete-time optimization problem

min /’ni (<7V) = Jn:t (CaxO:nK,u)
Vni (l’) — (C,w)EX XV (9)
s.t.  Zpc,p =

Using Bellman, we see that a time splitting scheme emerges naturally with
Q initialization: 1
Vo- (@) = V(@) = gllo — ol

@ correction:
Vit (@) = Vo (@) + Zllya — @[3, ¥n > 0;

@ prediction:

zEX

. 1
Vier @) = int {Vas () + ollo = IR}, vn o0
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The splitting scheme

Theorem (Krener 2015; Moireau 2018)

Assume that V' is smooth (at least C') and that ¢, provides a consistent
and unconditionally stable numerical scheme of the dynamics (1) as 7 — 0.
Then, the time splitting scheme is consistent and unconditionally stable
and we have convergence

Al
Vo+ _r—_>(>)V(tn,-)7 in C"(X),

where V is the value function.
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The discretization strategy

f@) +v, y=h@® +17

dlscreuz/ \control

Xn+l = WT(xn) + Va1

A = 0+ L L IO I — e oG s
1Y) = ST 5 ), x Ty Sy

control i
Bellman principle

F(Gv) = —ucux+2 ey = %(xmg,v)n?(+§||yk—h(xm,v>u§

1 1
Bellman principle oV + (f,VV)x + §||VVI|§ - Elly—hll@ =0

T discretize
Vn*(x) = Vn’(x) + E”yn_h(x)”?/ l

-~ |Time discretization for HIB

1
Viar-(®) = infoex { Ve (2) + lex—wf(Z)llﬁ}
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Space discretization

We are left with space discretization. High-dimensional setting X = R¢
with 10 < d < 100 typically — we need a scalable method which means no:

Q@ FD;

@ FEM;

Q IV;

@ methods that require a mesh...

Many possibilities : meshfree methods, tensor methods, adaptive grids, ma-
chine learning approaches (regression, PINNs, Deep Ritz,...)
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A stepback on SciML

Scientific Machine Learning (SciML) is the field of research that is
devoted to combining scientific insight with data-driven approaches. The
definition is very broad as it is still an emerging field. Some literature:
o (E and Yu 2018) The Deep Ritz method ;
o (Raissi, Perdikaris, and Karniadakis 2019) Physics Informed Neural
Networks (PINNs);
e (Y. Lu, J. Lu, and Wang 2021) extension of the Deep Ritz method in
high-dim. for elliptic problems;

o (Miiller and Zeinhofer 2023) Energy Natural Gradient Descent
(ENGD).
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Neural Network approximation

Approximation with NNs goes back (at least) to Cybenko 1989 — Univer-
sal Approximation Theorems. More recent developments:

e (Barron 1993) gives convergence rates for functions in the Barron
space using a two-layer NN;

@ (Y. Lu, J. Lu, and Wang 2021) show that for the Poisson problem if
the source term is Barron, the solution is Barron;

o (Abdeljawad and Dittrich 2023) introduce a space-time analog of
Barron for general Sobolev/Bochner spaces;

o (Dus and Ehrlacher 2025) two-layer NN approximation for the Poisson
problem with convergence analysis using optimal transport techniques.
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Back to our problem: a first idea

We recall the time-splitting scheme starting from a given (convex) Vp:

for n > 0,
correction :
T 2
V, =V,- —|yn — h ,
() = Vi (@) + Sln = b(@)] w0
prediction :
_ s 1 2
Via- (@) = int {Vas () + -l = oI}
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Back to our problem: a first idea

We recall the time-splitting scheme starting from a given (convex) Vp:

for n > 0,
correction :
T 2
V, =V,- —|yn — h ,
() = Vi (@) + Sln = b(@)] w0
prediction :
_ L 2
Via- (@) = int {Vas () + -l = oI}

Proposition (Hopf-Lax formula)

Assume that the flow ¢, is invertible. Then, for any n € N, the predicted
value function satisfies V,, ;- () = vn (7, ) where v, is the unique solution
of the Hamilton-Jacobi equation

1 2 .
v+ =||Vv||* =0, in (0,7) X X, )
2 (hj,,)
v(0,-) =Vpr 07!, in X.
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We introduce a vanishing viscosity problem for € > 0

1 2 .
O+ = ||Vu||*—eAv =0, in (0,7) x X, i
2 (hj,)
U(0>') = Vn+ 090:17 in X,

and we solve (hj;) using a space-time PINN for each n € N.
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A first idea

We introduce a vanishing viscosity problem for ¢ > 0

1
Ov + §\|Vv||2—5Av =0, in (0,7) X X,
v(0,:) =V,+ 0 o7l in X,
and we solve (hj;) using a space-time PINN for each n € N.

Why a PINN 7
e No variational formulation — Deep Ritz is forbidden;

@ rich literature on PINNs for Hamilton-Jacobi equations in
high-dimension;

2233
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Example in 1D

We consider two simple 1D problems (X = ) = R) with complete observa-
tions:

Q steady target: =0, y=ux;

@ drunk man: T =v, Yy =z, where v is a white noise,

and run our PINN-time-splitting scheme on these examples. We compare
our result with the discrete Kalman Filter in 1D.
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Figure: PINN-time-splitting, [64, 64]
hidden layers, 2000 samples, 1000 Figure: Kalman filter
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Numerical results
steady test

Value function and estimated state at iteration n=0 (prediction)

50 — V; (x)=minV,
o i
X target
40
! 13
> 30 A
£
g
1
=201
e
10 4
0 1 x

-10.0 -75 -5.0 =25 0.0 2.5 5.0 7.5 10.0
X 26 /33
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Figure: PINN-time-splitting, [64, 64]
hidden layers, 2000 samples, 1000 Figure: Kalman filter
epochs, 7 =0.1, e = 0.1
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Numerical results

drunk man

Value function and estimated state at iteration n=0 (prediction)

50 4 — V; (x)=minV,
® Xy
X target
40 4 g
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£
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Perspectives

@ Scale up and try the method in more dimensions, next steps :
harmonic oscillator, pendulum, and then Lorenz attractor;
o test new methods:

@ currently working on a quadratic representation (ICNN) based on the
linear (Kalman) setting with regression instead of PINN, links with
optimal transport;

© solving the heat equation using deep Ritz techniques and obtain
convergence results ? (& la Dus and Ehrlacher);

o first year so many new ideas to come...
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